Tables of Integrals of Complex-valued Functions of p-Adic arguments by Vladimirov, V. S.
ar
X
iv
:m
at
h-
ph
/9
91
10
27
v1
  2
2 
N
ov
 1
99
9
V. S. Vladimirov
Steklov Mathematical institute, 117966 GSP-1,
Moscow, Gubkin str., 8, Russia. E-mail: vsv@vsv.mian.su
Tables of Integrals
of Complex-valued Functions
of p-Adic Arguments
Steklov, 05-1997
1
2Content
Part I. Some Facts From p-Adic Analysis
§1. The Field of p-Adic Numbers Qp.
§2. Some Functions on Qp.
§3. Analytic Functions on Qp.
§4. The Haar Mesure on Qp.
§5. n-Dimensional Space Qnp .
§6. Generalized Functions on Qnp .
§7. The Fourier-transform.
§8. Homogeneous Generalized Functions.
§9. Quadratic Extentions of the Field Qp.
§10. Operator Dα.
Part II. Tables of Integrals
§11. The Simplest Integrals. One Variable.
§12. The Fourier Integrals. One Variable.
§13. The Gaussian Integrals. One Variable.
§14. Two Variables.
§15. Many Variables.
§16. Integrals of Generalized Functions.
§17. The Fourier-transform of Generalized Functions.
This work was supported in part by the RFFI, Grants  96-01-01008
and 96-15-96131.
3Part I
Some Facts from p-Adic Analysis
Everywhere henceforth we shall assume, unless otherwise stipulated,
that p takes all prime numbers, p = 2, 3, 5, . . . , 137, . . . , and γ takes all
integer (rational) numbers, γ = 0,±1,±2, . . . , γ ∈ Z; By Z+ we shall
denote the set of natural numbers γ = 1, 2, . . . . If K is some field (or ring),
by K× we shall denote its multiplicative group.
§1. The Field of p-Adic Numbers Qp
Denote: by Q the field of rational numbers, by R the field of real
numbers, by C the field of complex numbers.
Let p be a prime number. Any rational number x 6= 0 uniquely repre-
sented in the form
x = ±pγa/b
where γ ∈ Z and a, b are natural numbers not divisible by p and without
common divisors. p-Adic norm |x|p of the number x ∈ Q is defined by the
formulas
|x|p = p−γ , x 6= 0, |0|p = 0.
The completion of the field Q with respect to the norm | · |p is the field of
p-adic numbers Qp.
The canonical form of a p-adic number x 6= 0 is
x = pγ(x0 + x1p+ x2p
2 + . . . ) (1.1)
where γ = γ(x) ∈ Z, xj = 0, 1, . . . , p − 1, x0 6= 0, j = 0, 1, . . . , besides
|x|p = p−γ . The number −γ is called the order of number x and it is
denoted by ordx, ordx = −γ(x), ord 0 = −∞.
The norm | · |p possesses the following characteristic properties:
1)|x|p > 0, |x|p = 0↔ x = 0,
2)|xy|p = |x|p|y|p,
3)|x+ y|p 6 max(|x|p, |y|p). (1.2)
Besides,
3′)|x+ y|p = max(|x|p, |y|p), |x|p 6= |y|p,
43′′)|x+ y|p 6 |2x|p, |x|p = |y|p.
Thus, owing to (1.2), the norm | · |p is non-Archimedean and the space
Qp is ultrametric.
Denote: by
Bγ(a) = [x ∈ Qp : |x− a|p 6 pγ ]
a disk with a center at the point a ∈ Qp of radius pγ , Bγ = Bγ(0); by
Sγ(a) = [x ∈ Qp : |x− a|p = pγ ]
a circumference with the same center and radius, Sγ = Sγ(0).
Obvious relations are valid:
Bγ(a) = ∪γ′6γSγ′(a), Sγ(a) = Bγ(a)\Bγ−1(a),
Qp = ∪γ∈ZBγ(a), Q×p = ∪γ∈ZSγ(a).
The geometry of the space Qp is very unusual: all triangles in it are
isosceles; every point of a disk is its center; a disk has no boundary; a disk is
a finite union of disjoint disks of smaller radii; if two disks have a common
point, so one of them is contained in another; a disk is open compact.
A set of Qp which is closed and open is called clopen set.
Denote: by Zp = B0 the maximal compact subring of the field Qp (the
ring of integer p-adic numbers); by Z×p = S0 multiplicative group of the
ring Zp (it is the group of unities of the field Qp); by Ip = pZp = B−1
maximal ideal of the ring Zp.
The residue classes Zp/Ip form the finite field which is isomorphic to
the residue classes module p : {0, 1, . . . , p− 1}.
Introduce special sets:
Gp = [x ∈ Qp : |x|p 6 |2p|p];
Jp = [x ∈ Z×p : 1− x ∈ Gp],
Jp is a multiplicative group;
Sγ,k0k1...kn = [x ∈ Sγ : x0 = k0, x1 = k1, . . . , xn = kn];
Sk0k1...knγ = [x ∈ Sγ : x0 6= k0, x1 6= k1, . . . , xn 6= kn],
where kj = 0, 1, . . . , p− 1, k0 6= 0, j = 1, 2, . . . , n.
5The sets just introduced are open compacts in Qp.
Rational part {x}p of a number x ∈ Qp is {x}p = 0 if γ(x) > 0, and it
is
{x}p = pγ(x0 + x1p+ . . .+ x−γ−1p−γ−1) if γ(x) 6 −1. (1.3)
Denote by Q×2p the multiplicative group of squares of p-adic numbers.
In order a number x ∈ Q×p belongs to Q×2p , it is necessary and safficient
that γ(x) is even and(x0
p
)
= 1, p 6= 2; x1 = x2 = 0, p = 2.
Here (a
p
)
, a ∈ Z, a 6≡ 0(mod p)
is the Legendre symbol which equal to 1 or -1 subject to if the number x is
quadratic residue or non-residue module p.
Thus the group Q×p /Q
×2
p consists of four elements (1, ǫ, p, ǫp) where ǫ is
any unit of the field Qp which is not a square in Qp if p 6= 2, and it consists
of eight elements {1, 2, 3, 5, 6, 7, 10, 14} if p = 2.
§2. Some Functions on Qp
Characters of the field Qp. Let χ(x) be an additive character of the
field Qp,
χ(x+ y) = χ(x)χ(y), |χ(x)| = 1, x, y ∈ Qp. (2.1)
Standard additive character of the field Qp has the form
χp(x) = exp(2πi{x}p) (2.2)
where {x}p is the rational part of x ∈ Qp which is defined by the formula
(1.3).
The general form of an additive character of the field Qp is
χ(x) = χp(ξx) = exp(2πi{ξx}p) (2.3)
for some ξ ∈ Qp.
Let π(x) be multiplicative character of the field Qp,
π(xy) = π(x)π(y), |π(x)| = 1, x, y ∈ Q×p . (2.4)
6The general form of a multiplicative character of the field Qp is
π(x) = πiα,θ(x) = |x|iαp θ(x), x ∈ Q×p (2.5)
where α ∈ R is defined by the equality π(p) = p−iα and θ(t), t ∈ Z×p is a
character of the compact group Z×p normalized by the condition θ(p) = 1.
(The set of the latters is countable and discrete.)
If the unitarity condition |π(x)| = 1 in (2.4) is not fulfilled then the
function π(x) is a representation of the group Q×p in C, and its general form
is given by the formula (2.5) in which iα is any complex number, so that
πα,θ(x) = |x|α−1p θ(x), x ∈ Q×p , α ∈ C. (2.5′)
Such functions are called quasi-characters. A quasi-character π(x) = |x|α−1p
for which θ = 1 is called principal quasi-character.
Let d 6∈ Q×2p . Without loss of generality it is possible to suppose that
d is square free of p-adic numbers, that is it is one of the listed in §1 forms,
p, ǫ, pǫ, |ǫ|p = 1, ǫ 6∈ Q×2p for p 6= 2, and 2, 3, 5, 6, 7, 10,14 for p = 2.
Denote by Q×p (d) the set of p-adic numbers in Q
×
p which are repre-
sentable in the form α2 − dβ2, α, β ∈ Qp; Q×p (d) is a multiplicative
group.
The Hilbert symbol
(
x,y
p
)
, x, y ∈ Q×p by definition is equal to 1 or -1
subject to the form xα2 + yβ2 − γ2 represents nontrivially zero in Qp or
not.
The Hilbert symbol has the following obvious properties [5]:(x, y
p
)
=
(y, x
p
)
,
(x,−x
p
)
= 1,
(x, yz
p
)
=
(x, y
p
)(x, z
p
)
,
and besides (p, ǫ
p
)
=
( ǫ0
p
)
,
(ǫ, η
p
)
= 1, p 6= 2;
(2, ǫ
2
)
= (−1)(ǫ2−1)/2,
( ǫ, η
2
)
= (−1)(ǫ−1)(η−1)/4, p = 2.
Here ǫ and η are any units of the field Qp.
From here it follows a criterion in order that a p-adic number x belongs
to Q×p (d) for p 6= 2. In order that x ∈ Q×p (d) it is necessary and sufficient:
for d = ǫ γ(x) is even; for d = p γ(x) is even and
(
x0
p
)
= 1 or γ(x) is odd
7and
(
−x0
p
)
= 1; for d = pǫ γ(x) is even and
(
x0
p
)
= 1 or γ(x) is odd and(
−x0
p
)
= −1. (Similar criterion takes place and for p = 2.)
Hence, The group Q×p /Q
×
p (d) is isomorphic to the group (1,−1), and
the function
sgnp,dx =
{
1, x ∈ Q×p (d),
−1, x 6∈ Q×p (d)
(2.6)
is a multiplicative character of the group Q×p .
Directly from the definitions it follows
sgnp,dx =
(x,−dx
p
)
, x ∈ Q×p , d 6∈ Q×2p .
(Note that always
(
x,−dx
p
)
= 1 if d ∈ Q×2p .)
λp-function of field Qp is defined by the following way [1a)],[6a)]
λp(x) =

1, γ(x) = 2k, p 6= 2,√(
−1
p
)(
x0
p
)
, γ(x) = 2k + 1, p 6= 2,
exp[πi(1/4 + x1)], γ(x) = 2k, p = 2,
exp[πi(1/4 + x1/2 + x2)], γ(x) = 2k + 1, p = 2.
Properties of λp-function Q
×
p → C.
|λp(x)| = 1, λp(x)λp(−x) = 1;
λp(x) = λp(y), xy ∈ Q×2p ;
λp(x)λp(y)
λp(x+ y)
= λp
( xy
x+ y
)
;
λp(x)λp(y) =
(x, y
p
)
λp(xy)λp(1). (2.7)
Puting in (2.7) y = −dx and using the formula (2.6) we obtain relation
[6a)]
sgnp,dx = λp(x)λp(−dx)λp(d)λp(−1), x ∈ Q×p , d 6∈ Q×2p . (2.8)
8Note the following formulae [6a)]
sgnp,dx =

(
x0
p
)γ(d)(
d0
p
)γ(x)(
−1
p
)γ(x)γ(d)
, p 6= 2,
(−1)d1x1+(d1+d2)γ(x)+(x1+x2)γ(d), p = 2.
(2.9)
In particular, for d ≡ 3(mod 4) we have [6b)]
sgnp,dx =

1,
(
d
p
)
= 1,
(−1)γ(x),
(
d
p
)
= −1, p 6= 2, p 6= d,(
d
p
)
(−1)γ(x), p = d,
(−1)x1 , p = 2, d ≡ 7(mod 8),
(−1)x1+γ(x), p = 2, d ≡ 3(mod 8).
Note the following infinite products, which are valid for x, y ∈ Q×
|x|∞
∞∏
p=2
|x|p = 1, |x|∞ = |x|; (2.10)
χ∞(x)
∞∏
p=2
χp(x) = 1, χ∞(x) = exp(−2πix); (2.11)
λ∞(x)
∞∏
p=2
λp(x) = 1, λ∞(x) = exp(−iπ/4 sgnx); (2.12)
(x, y
∞
) ∞∏
p=2
(x, y
p
)
= 1 (2.13)
where x, y ∈ Q×p and (x, y
∞
)
=
{ −1, x < 0, y < 0,
1, otherwise ;
sgn∞,dx
∞∏
p=2
sgnp,dx = 1 (2.14)
9where
sgn∞,dx =
{
sgn x, d < 0,
1, d > 0.
Infinite products in formulas (2.10)–(2.14) converge for all rational x and y
as only finite number of factors in them are different from 1. Formulas of
such kind are called adelic.
Denote: Ω(|x|p) is the characteristic function of disk B0, so Ω(t) = 1,
if 0 6 t 6 1 and Ω(t) = 0, if t > 1; δ(|x|p − pγ) is the characteristic
function of circumference Sγ ; δ(xℓ − k) is the characteristic function of the
set [x ∈ Qp : xℓ = k], k = 1, 2, . . . , p − 1 for ℓ = 0 and k = 0, 1, . . . , p − 1
for ℓ = 1, 2, . . . .
§3. Analytic Functions
Let O be an open set in Qp. Function f : O → Qp is called analytic
in O if for any point a ∈ O there exists a γ ∈ Z such that in the disk
Bγ(a) ⊂ O it is represented by a convergent power series
f(x) =
∞∑
k=o
ck(x− a)k. (3.1)
Radius of convergence r = r(f) of the series (3.1) is
r = pσ, σ = − 1
ln p
limk→∞
1
k
ln |fk|p.
The series (3.1) converges if, and only if, the series
∞∑
k=o
|ck|pγk
converges, and it is possible to differentiate it term by term in Bγ(a) infinite
numbers of times,
f (n)(x) =
∞∑
k=n
k(k − 1) . . . (k − n+ 1)ck(x− a)k−n, n = 1, 2, . . . , (3.2)
and also
ck =
f (k)(a)
k!
, k = 0, 1, . . . . (3.3)
10
By every differentiation of series (3.1) the radius of convergence of the
differentiated series (3.2) may only increase.
The functions ex, lnx, sin x, cosx, tgx, arcsin x, arctgx are analytic,
they are defined by the following series
ex =
∞∑
k=0
xk
k!
, x ∈ Gp, (3.4)
ln x = ln[1− (1− x)], x ∈ Jp; ln x = −
∞∑
k=1
xk
k
, x ∈ Gp, (3.5)
sinx =
∞∑
k=0
(−1)k
(2k + 1)!
x2k+1, x ∈ Gp, (3.6)
cosx =
∑
k=0
(−1)k
(2k)!
x2k, x ∈ Gp, (3.7)
tgx =
sin x
cosx
, x ∈ Gp, (3.8)
arcsinx =
∞∑
k=o
(2k)!
22k(k!)2(2k + 1)
x2k+1, x ∈ Gp, (3.9)
arctgx =
∞∑
k=0
(−1)k
2k + 1
x2k+1, x ∈ Gp. (3.10)
The following relations are valid
(ex)′ = ex, exey = ex+y, x, y ∈ Gp, (3.11)
|ex|p = 1, |ex − 1|p = |x|p, x ∈ Gp, (3.12)
ln(xy) = ln x+ ln y, x, y ∈ Gp, (3.13)
| ln(1 + x)|p = |x|p, x ∈ Gp, (3.14)
ln ex = x, x ∈ Gp; eln x = x, x ∈ Jp. (3.15)
The function ex realizes the analytic diffeomorphism of additive group
Gp onto multiplicative group Jp. The invers map is realized by the function
ln x.
11
All formulas of classical trigonometry are valid. Their proofs easily
follow from the formal relation
eix = cosx+ i sin x, x ∈ Gp (3.16)
where the symbol eix is defined by series (3.3) provided that i2 = −1. In
particular,
sin2 x+ cos2 x = 1, x ∈ Gp. (3.17)
eθx = cosx+ θ sin x, x ∈ Gp, θ2 = −1, θ ∈ Qp (3.18)
(the last is possible only for p ≡ 1(mod 4)).
Functions sin x and tg x realize the analytic isomorphysm of group Gp
onto Gp; invers maps are given by functions arcsin x and arctgx respect.
§4. The Haar Measure on Qp.
As Qp is a commutative group on addition so on it there exists an
ivariant measure (uniqe up to a factor), the Haar measure, which we denote
by dpx,
dp(x+ a) = dpx, a ∈ Qp; dp(ax) = |a|pdpx, a ∈ Q×p .
Normalize the measure dpx by the condition∫
Zp
dpx = 1. (4.1)
The normed Haar measure d×p x on Q
×
p is
d×p x = (1− p−1)−1
dpx
|x|p , d
×
p (ax) = d
×
p x, a, x ∈ Q×p (4.2)
so ∫
Z×p
d×p x = 1.
Let M ⊂ Qp be a measurable set (on the Haar measure). Integral of a
function f :M → C on the set M we will write in the form∫
M
f(x)dpx,
∫
f(x)dpx =
∫
Qp
f(x)dpx.
12
Let 1 6 q 6∞ be. The set of functions f : Qp → C for which f(x) = 0, x 6∈
M and
‖f‖q =
[∫
M
|f(x)|qdpx
]1/q
<∞, if q <∞,
‖f‖∞ = vraisup
x∈M
|f(x)| <∞, if q =∞,
we denote by Lq(M), Lq = Lq(Qp). If O is an open set in Qp then the
set of functions f : O → C for which for any compact K ⊂ O f ∈ Lq(K)
we denote by Lq
loc
(O), Lq
loc
= Lq
loc
(Qp).
Functions of the set L1loc(O) are called locally-integrable in O.
Let a function f be in L1loc(Q
×
p ). (Improper) integral of a function f
on Qp, ∫
f(x)dpx =
∞∑
γ=−∞
∫
Sγ
f(x)dpx,
is called the limit (if it exists)
lim
N,M→∞
∫
BN\B−M−1
= lim
N,M→∞
N∑
γ=−M
∫
Sγ
f(x)dx.
Example. Integral ∫
Zp
|x|α−1dpx = 1− p
−1
1− p−α (4.3)
exists for Reα > 0.
The formula of change of variables in integral: if x(y) is an
analytic diffeomorphism of a clopen set D′ ⊂ Qp onto D ⊂ Qp, and also
x′(y) 6= 0, y ∈ D′, then for any f ∈ L1(D) the formula is valid∫
D
f(x)dpx =
∫
D′
f(x(y))|x′(y)|pdpy. (4.4)
Example. Let x = (py)−1, dpx = p|y|−2p dpy be. Then owing to (4.3)
we have∫
|x|p>1
|x|α−1p dpx = pα
∫
Zp
|y|−α−1p dpy =
1− p−1
p−α − 1 ,Reα < 0.
13
Example. The linear-fractional transformation is
x =
ay + b
cy + d
,
(
a b
c d
)
∈ GL(Qp, 2),
dpx =
|ad− bc|p
|cx+ d|2p
dpy.
§5. n-Dimensional Space Qnp
Space Qnp = Qp × Qp × . . . × Qp (n times) consists of points x =
(x1, x2, . . . , xn), xj ∈ Qp, j = 1, 2, . . . , n supplied with the norm
|x|p = max
16j6n
|xj |p. (5.1)
This norm possesses properties 1)–3) §1 so the space Qnp is ultrametric
(non-Archimedian).
Scalar product
(x, y) = x1y1 + x2y2 + . . .+ xnyn, x, y ∈ Qnp
satisfies the inequality
|(x, y)|p 6 |x|p|y|p, x, y ∈ Qnp .
We denote the Haar measure on Qnp by d
n
px = dpx1dpx2 . . . dpxn,
dpx1 = dpx,
dnp (x+ a) = d
n
px, a ∈ Qnp , dnp (Ax) = |detA|pdnpx
where x→ Ax is a linear isomorphism of Qnp onto Qnp (detA 6= 0).
Henceforth we agree in integrals on whole space Qnp to omit a domain
of inegration, ∫
Qnp
f(x)dnpx =
∫
f(x)dnpx.
Spaces of functions Lq(M) and Lqloc(O),M,O ∈ Qnp are defined analogously
to the case n = 1 (see §4).
As in the case n = 1 with the help of the notions introduced we define:
Bnγ (a) is the ball of radius p
γ with the center at point a = (a1, a2, . . . , an) ∈
14
Qnp and S
n
γ (a) is the sphere of radius p
γ with the center at point a;Bnγ (0) =
Bnγ , B
1
γ(a) = Bγ(a), S
n
γ (o) = S
n
γ , S
1
γ(a) = Sγ(a),
Bnγ (a) = Bγ(a1)×Bγ(a2)× . . .×Bγ(an).
The Fubini theorem. If a function f : Qn+mp → C is such that the
repeated integral ∫ [ ∫
|f(x, y)|dmp y
]
dnpx
exists then f is in L1(Qn+mp ) and the aqualities are valid∫ [ ∫
f(x, y)dmp y
]
dnpx =
∫
f(x, y)dnpxd
m
p y =
∫ [ ∫
f(x, y)dnpx
]
dmp y.
(5.2)
Change of variables. It x = x(y) is an analytic diffeomorphism of a
clopen set D′ ⊂ Qnp onto set D ⊂ Qnp and also
det
∂x(y)
∂y
= det
(
∂xk
∂yj
)
6= 0, y ∈ D′
then for any f ∈ L1(D) the equality is valid∫
D
f(x)dnpx =
∫
D′
f(x(y))|det ∂x(y)
∂y
|pdnpy. (5.3)
The Lebesgue theorem on passage to the limit under the sign
of integral. If a sequence fk, k →∞ of functions fk ∈ L1 converges almost
everywhere to a function f(x) and there exists a function ψ ∈ L1 such that
|fk(x)| 6 ψ(x) for almost every x ∈ Qnp
then the equality is valid
lim
k→∞
∫
fk(x)d
n
px =
∫
f(x)dnpx.
§6. Generalized Functions on Qnp
15
Let O be an open set in Qnp . A function ϕ : O → C is called locally-
constant in O if for any point x ∈ O there exists γ ∈ Z such that
ϕ(x+ x′) = ϕ(x), x′ ∈ Bnγ , x ∈ O.
The set of all locally-constant functions in O we denote by E(O); E = E(Qnp ).
Every functions in ϕ ∈ E(O) is continuous on O. Its support, which is the
closure of points x ∈ O for which ϕ(x) 6= 0, we will denote by sptϕ.
Examples.
|x|p ∈ E(Qnp\{0}),
χp((ξ, x)) ∈ E, ξ ∈ Qnp .
A function ϕ ∈ E(O) is called test function in O (the Bruhat-Schwartz
function) if its support is compact in O. The set of test functions in O we
denote by S(O); S = S(Qnp ). Every function in S(O) is uniformly locally-
constant in O.
Examples.
Ωk(x) = Ω(p
−k|x|p) ∈ S, k ∈ Z, (6.1)
∆k(x) = p
kΩ(pk|x|p) ∈ S, k ∈ Z. (6.2)
|x|pΩ(|x|p) ∈ S(Qnp\{0}).
χp((ξ, x))Ω(|x|p) ∈ S, ξ ∈ Qnp .
δ(|x|p − pγ) ∈ S(Sγ), γ ∈ Z.
δ(|x|p − pγ)δ(x0 − k) ∈ S(Sγ), k = 1, 2, . . . , p− 1, γ ∈ Z.
If K is an open compact in Qnp then θK is in S(K). Here θM is the charac-
teristic function of a set M ⊂ Qnp : θM (x) = 1, x ∈M, θM (x) = 0, x 6∈M.
Convergence in S(O),
ϕk → 0, k →∞ S(O),
means:
(i) there exists a compactK ⊂ O not depending on k such that sptϕk ⊂
K;
(ii) there exists γ ∈ Z depending neither k nor x such that
ϕk(x+ x
′) = ϕk(x), x
′ ∈ Bnγ , x ∈ K;
16
(iii)ϕk(x)⇒ 0, x ∈ K, k →∞.
Generalized function on O is called any linear continuous functional
f : ϕ→ (f, ϕ) on S(O). The set of all generalized functions on O we denote
by S′(O);S′ = S′(Qnp ).
Convergence in S′(O),
fk → 0, k →∞ in S′(O),
is defined as the weak convergence of functionals in S′(O), that is
(fk, ϕ)→ 0, k →∞, ϕ ∈ S(O).
Every linear on S(O) functional f is continuous on S(O), that is
f ∈ S′(O).
In an open set O there exists ”decomposition of unity” with functions
in S(O), namely if
O = ∪∞k=1Gk, Gk ∩Gj = ∅, k 6= j
where Gk, k = 1, 2, . . . are clopen compacts, so the equality holds
∞∑
k=1
θGk(x) = 1, x ∈ O. (6.3)
A generalized function f in S′(O) vanishes in an open set O′ ⊂ O if (f, ϕ) =
0, ϕ ∈ S(O′), besides we write: f(x) = 0, x ∈ O′. Generalized functions f
and g in S′(O) coincide in (equal in) O′ ⊂ O, f = g in O′, iff f(x)−g(x) = 0
for x ∈ O′. The largest open set in which vanishes f ∈ S′(O) is called null-
set of f , and it is denoted by Of ⊂ O. A closed in O set O\Of is called
support of f , and it is denoted by spt f , spt f = O\Of .
We denote the set of generalized functions with compact support in O
by E′(O), E′ = E′(Qnp ); E
′(O) is the strongly conjugate space to E(O).
Example. δ-Function
(δ, ϕ) = ϕ(0), spt δ = {0}. (6.4)
Conversely, every f ∈ S′, spt f = {0} has the form
f = Cδ (6.5)
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where C 6= 0 is an arbitrary constant.
A sequence {δk, k →∞} of functions δk(x) in S is called δ−like if it is
bounded in L1 and for any γ ∈ Z the limit relation holds∫
Bnγ
δk(x)d
n
px→ 1,
∫
Qnp \Bnγ
|δk(x)|dnpx→ 0, k →∞.
Thus,
δk → δ, k →∞ in S′. (6.6)
A sequence {ωk, k →∞} of functions ωk(x) in S is called 1-like if it is
the Fourier-transform (see below §7) of some δ−like sequence {δk, k →∞}.
1-Like sequence is bounded in L∞, and for anyγ ∈ Z
ωk(x)⇒ 1, x ∈ Bnγ , k →∞.
Thus,
ωk → 1, k →∞ in S′. (6.7)
If f ∈ L1loc(O) so f ∈ S′(O), besides
(f, ϕ) =
∫
f(x)ϕ(x)dnpx, ϕ ∈ S(O). (6.8)
Generalized functions of the form (6.8) are called regular in O; the
others are called singular. δ-Function is singular in Qnp , and it is regular in
Qnp\{0}.
Let 0 be in O. If f ∈ S′(O\{0}) then it admit an extension (regular-
ization) f1 ∈ S′(O) on O and all its regularizations, reg f, are given by the
formula
reg f = f1 + Cδ, (6.9)
where C is an arbitrary constant and f1 can be choosen in the form
(f1, ϕ) = (f, ϕ− Ωγϕ(0)), ϕ ∈ S(O),
besides γ ∈ Z is such that Bnγ ⊂ O. Note, that this fact does not take place
for generalized functions of real arguments! As an example of such f is
function f(x) = exp x−1.
For f = |x|−1p as a regularization it is possible to take the functional
(reg |x|−1p , ϕ) =
∫
|x|−1p [ϕ(x) − Ω(|x|p)ϕ(0)]dpx, ϕ ∈ S.
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The generalized function reg |x|−1p gives another example of singular gener-
alized function on Qnp .
The product of a generalized function f ∈ S′(O) on a function a ∈
E(O) is defined by the formula
(af, ϕ) = (f, aϕ), ϕ ∈ S(O), af ∈ S′(O). (6.10)
Examples.
a(x)δ(x) = a(0)δ(x).
If f ∈ L1loc(O), so af coincides with ussual product of functions a(x) and
f(x).
If f ∈ S′(O) and spt f is clopen set in O, so
f(x) = θspt f (x)f(x). (6.11)
Finelly, if f ∈ S′, so
ωkf → f, k →∞ in S′ (6.12)
where {ωk, k →∞} is any 1-like sequence.
In S′(O) theorem on ”piecewise sewing” is valid. Let a collection of
generalized functions fk ∈ S′(Gk), k = 1, 2, . . . be given where Gk, k =
1, 2, . . . are clopen compacts satisfying conditions Gk ∩Gj = ∅, k 6= j. Then
there exists a (unique) generalized function f ∈ S′(O) such that f = fk in
Gk, k = 1, 2, . . . and O = ∪k61Gk.
Therem on ”nucleus”. Let ϕ→ A(ϕ) be a linear map of S(O),O ∈
Qnp into S
′(O′),O′ ∈ Qmp . Then there exists a (unique) generalized function
f ∈ S′(O× O′) such that(
A(ϕ), ψ
)
= (f, ϕ(x)ψ(y)), ϕ ∈ S(O), ψ ∈ S(O′).
The spaces S(O) and S′(O) are complete, reflexive and nuclear; S(O)
is dense in S′(O).
Linear change of variables y = Ax + b, detA 6= 0, maps a gen-
eralized function f(y) in S′(O′) in the generalized function f(Ax + b) in
S
′(O) by the formula(
f(Ax+ b), ϕ
)
=
1
|detA|p
(
f(y), ϕ(A−1(y − b))
)
, ϕ ∈ S(O). (6.13)
Examples. δ(x) = δ(−x), (δ(x− x0), ϕ) = ϕ(x0).
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The direct product f(x)× g(y) of generalized functions f ∈ S′(O1),
O1 ⊂ Qnp and g ∈ S′(O2), O2 ⊂ Qmp is defined by the formula
(f(x)× g(y), ϕ) = (f(x), (g(y), ϕ(x, y))), ϕ ∈ S(O1 × O2).
The direct product is commutative, so
f(x)× g(y) = g(y)× f(x) ∈ S′(O1 × O2). (6.14)
For g = 1 the formula (6.14) takes the form
(
f(x),
∫
O2
ϕ(x, y)dmy
)
=
∫
O2
(
f(x), ϕ(x, y)
)
dmy, f ∈ S′(O1),
ϕ ∈ S(O1 × O2) (6.15)
(generalization of the Fubini theorem, see §5).
Convolution f ∗ g of generalized functions f ∈ E, spt f ∈ BnN and
g ∈ S′ is defined by the equality
(f ∗ g, ϕ) = (f(x)× g(y),ΩN (x)ϕ(x + y)), ϕ ∈ S. (6.16)
On the base of this definition the convolution of generalized functions f and
g in S′ is defined by
(f ∗ g, ϕ) = lim
k→∞
(f(x)× g(y),Ωk(x)ϕ(x + y) = lim
k→∞
((Ωkf) ∗ g, ϕ)
if the limit exists for any ϕ ∈ S, so f ∗ g ∈ S′.
If the convolution f ∗ g exists then the convolution g ∗f also exists and
they both are equal (commutativity of convolution),
f ∗ g = g ∗ f. (6.17)
Examples.
f ∗ δ = δ ∗ f = f, f ∈ S′. (6.18)
If f ∈ S′ and ψ ∈ S then the convolution f ∗ψ is a locally-constant function
in Qnp , besides
(f ∗ ψ)(x) = (f(y), ψ(x− y)), x ∈ Qnp . (6.19)
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If {δk, k →∞} is a δ−like sequence then
f ∗ δk → f, k →∞ in S′, f ∈ S′. (6.20)
If f, g in L1loc and there exists a function q ∈ L1loc such that∫
Bk
f(x− y)g(y)dnp y → q(x), k →∞ in S′
then
f ∗ g = q(x). (6.21)
If f ∈ S′ and the convoluton f ∗ 1 exists then it is a constant. We call this
constant integral of generalized function f on the whole space Qnp , and we
denote it by
G
∫
f(x)dnpx = f ∗ 1. (6.22)
This definition is equivalent to the following:
G
∫
f(x)dnpx = lim
k→∞
(f,Ωk) (6.23)
if the limit exists.
If f ∈ S′ and spt f ⊂ D where D is a clopen set in Qnp , so f = θDf ,
and the integral (6.22) we denote by
G
∫
D
f(x)dnpx.
In particular, if f ∈ S′, ϕ ∈ S and sptϕ ⊂ Bγ , so
G
∫
Bγ
f(x)ϕ(x)dnpx = (f, ϕ). (6.24)
If f ∈ S′, spt f ⊂ Bγ , so
G
∫
Bγ
f(x)dnpx = (f,Ωγ). (6.25)
The notion of integral of a generalized function introduced is in fact an
extension of the notion of integral on the Haar measure (see §§1,4).
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Example.
G
∫
δ(x)dpx = 1.
Multipliation of generalized functions. Let f, g be in S′. We call
product f · g the functional defined by the equality
f · g = lim
k→∞
(f ∗∆k)g
if the limit exists in S′, so f · g ∈ S′.
If the product f · g exists, so the product g · f also exists and they are
equal (commutativity of product)
f · g = g · f. (6.26)
Examples.
a · f = af, a ∈ E, f ∈ S′.
In particular,
f · 1 = 1 · f = f, f ∈ S′,
a(x) · δ(x) = a(0)δ(x)
if a is a continuous function in a vicinity of 0,
|x|αp · δ(x) = 0, α > 0, |x|p · reg |x|−1p = 1. (6.27)
As in the case of real field, a question arises: is it possible to define the
product of any generalized functions by such a way that it was associa-
tive and commutative? The answer is negative. Well-known example by
L. Schwartz in p-adic case seems so. If such product would exist so owing
to (6.27) we would have the following contradictory chain of equalities:
0 = 0·reg |x|−1p = (|x|p·δ(x))·reg |x|−1p = δ(x)·(|x|p·reg |x|−1p ) = δ(x)·1 = δ(x).
§7. The Fourier Transform
Let ϕ be in S. The Fourier transform ϕ˜ = F [ϕ] is defined by the
formula
ϕ˜(ξ) =
∫
ϕ(x)χp((ξ, x))d
n
px, x ∈ Qnp .
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The Fourier transform is a linear isomorphism ofS onto S and the inversion
formula for the Fourier transform is valid
ϕ(x) =
∫
ϕ˜(ξ)χp(−(x, ξ))dnp ξ, ϕ ∈ S.
Examples.
Ω˜k = ∆k, ∆˜k = Ωk, k ∈ Z. (7.1)
The Fourier transform f˜ = F [f ] of a generalized function f ∈ S′ is
defined by the formula
(f˜ , ϕ) = (f, ϕ˜), ϕ ∈ S,
so that f˜ ∈ S′.
The Fourier transform f → f˜ is a linear isomorphism of S′ onto S′
and the inversion formula is valid
f = F−1[f˜ ] = F [ˇ˜f ], f ∈ S′
where fˇ(x) = f(−x).
Examples.
δ˜ = 1, 1˜ = δ; (7.2)
F [f(Ax+ b)] = |detA|−1p χp
(−(A−1b, ξ))F [f(A−1ξ)], detA 6= 0. (7.3)
In particular,
F [f(x− b)] = χp((b, ξ))F [f(ξ)]; (7.4)
˜ˇf =
ˇ˜
f. (7.5)
If f ∈ L1 then
f˜(ξ) =
∫
f(x)χp((ξ, x))d
nx, (7.6)
and also f˜ is continuous in Qnp and f˜(ξ) → 0, |ξ|p → ∞ (analogy of the
Riemann-Lebesgue theorem).
If f ∈ L1loc and there exists a function q ∈ L1loc such that∫
Bn
k
f(x)χp((ξ, x))d
n
px→ q(ξ), k →∞ in S′
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then
f˜ = q. (7.7)
If f ∈ S′, spt f ⊂ Bnγ then
f˜(ξ) =
(
f(x),Ωγ(x)χp((ξ, x))
)
. (7.8)
If f ∈ L2 then∫
Bn
k
f(x)χp((ξ, x))d
n
px→ f˜(ξ), k →∞ in L2. (7.9)
The operator f → f˜ is unitary in L2 so the Parseval-Steklov equality is
valid
‖f‖ = ‖f˜‖, f ∈ L2 (7.10)
where the norm ‖f‖ = ‖f‖2 = (f, f)1/2 is defined in §4 and the scalar
product (f, g) in L2 is equal to
(f, g) =
∫
f(x)g¯(x)dnpx, f, g ∈ L2.
The Cauchy-Buniakowski inequality is valid
|(f, g)| 6 ‖f‖‖g‖, f, g ∈ L2.
If f ∈ L2 then
lim
k→∞
p−k/2
∫
Bk
|f(x)|dnp = 0. (7.11)
Theorem. Let f, g be in S′. The convolution f ∗ g exists if, and only
if, there exists the product f˜ · g˜ and the equalities are valid
f˜ ∗ g = f˜ · g˜, f˜ · g = f˜ ∗ g˜. (7.12)
Note the following useful formula∫
Snγ
χp((x, ξ))d
n
px = (1− p−n)pγnΩ(pγ |ξ|p)− q(k−1)nδ(|ξ|p − p1−γ) (7.13)
whence ∫
Bnγ
χp((x, ξ))d
n
px = p
γnΩ(pγ |ξ|p). (7.14)
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The Gaussian integral Gp(a; ξ) is called the Fourier transform of the func-
tion χp(ax
2), a ∈ Q×p , p =∞, 2, 3, 5, . . . ,
Gp(a, ξ) =
∫
χp(ax
2 + ξx)dpx = λp(a)|2a|−1/2p χp
(− ξ2/4a). (7.15)
The following adelic formula is valid
G∞(a; ξ)
∞∏
p=2
Gp(a; ξ) = 1, a ∈ Q×, ξ ∈ Q (7.16)
which follows from the adelic formulae (2.10)–(2.12).
§8. Homogeneous Generalized Functions
Let π(x) = πα,θ(x) = |x|α−1p θ(x) be a quasi-character of the field Qp
(see (2.5′)). A generalized function f ∈ S′ is called homogeneous with
respect to a quasi-character πα,θ if
f(tx) = πα,θ(t)f(x), t ∈ Q×p , x ∈ Q×p . (8.1)
Homogeneous generalized functions with respect to a principal quasi-
character
πα,1(x) = |x|α−1p
are called homogeneous of degree α− 1.
A quasi-character πα,θ(x) defines a homogeneous with respect to itself
generalized function πα,θ by the formula
(πα,θ, ϕ) =
∫
|x|α−1p θ(x)ϕ(x)dpx, ϕ ∈ S. (8.2)
The generalized function πα,θ for θ 6= 1 is entire on α; for θ = 1 it is
holomorphic on α everywhere except simple poles
αk = 2kπi/ln p, k ∈ Z
with residue 1−p
−1
ln p δ(x).
Note that the generalized function |x|α−1p defined in domain Reα >
0 by the formula (8.2) is analytically continued from this domain to the
domain Reα 6 0, α 6= αk, k ∈ Z by the formula
(|x|α−1p , ϕ) = (1− p−α)−1
∫
|x|α−1p [ϕ(x)− ϕ(x/p)]dpx
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=
∫
|x|α−1p [ϕ(x) − ϕ(0)]dpx, ϕ ∈ S (8.3)
as ∫
|x|α−1p = 0, α 6= αk, k ∈ Z.
For α = αk, k ∈ Z the quasi-character π0,1(x) = |x|−1p corresponds the
generalized function δ(x) of degree −1; conversely, every homogeneous gen-
eralized function f ∈ S′ of degree −1 has the form f(x) = Cδ(x) where C
is some constant.
The Fourier transform of πα,θ is a homogeneous generalized function
π˜α,θ with respect to the quasi-character
π−1α,θ(ξ)|ξ|−1p = |ξ|−αp θ¯(ξ) = π1−α,θ¯(ξ), (8.4)
so
π˜α,θ = Γp(πα,θ)π1−α,θ¯. (8.5)
Here Γp(πα,θ) is gamma-function of field Qp for quasi-character πα,θ(x),
Γp(πα,θ) = π˜α,θ(1) =
∫
|x|α−1p θ(x)χp(x)dpx. (8.6)
In particular, for θ = 1, if we denote
Γp(α) = Γp(|x|α−1p ),
we get for the gamma-function Γp(α) of a principal quasi-character |x|α−1p
the representation
Γp(α) =
∫
|x|α−1p χp(x)dpx =
1− pα−1
1− p−α , α 6= αk, k ∈ Z. (8.7)
For ǫ 6∈ Q×2p , |ǫ|p = 1, p 6= 2
θ(x) = sgnp,ǫx = |x|πi/ln pp = (−1)γ(x)
we denote
Γ˜p(α) = Γp(|x|α−1p sgnp,ǫx).
For Γ˜p-function from (8.7) it follows the expression
Γ˜p(α) = Γp(α+ πi/ln p) =
1 + pα−1
1 + p−α
, α 6= αk − πi/ln p, k ∈ Z. (8.8)
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Note the particular formulae for gamma-function when d=-1 (cf. §2),
Γp(sgnp,−1x|x|α−1) =

Γp(α) =
1−pα−1
1−p−α , p ≡ 1(mod 4),
Γ˜p(α) =
1+pα−1
1+p−α , p ≡ 3(mod 4),
2i4α−1, p = 2.
The following equality is valid
Γp(πα,θ)Γp(π1−α,θ¯) = θ(−1). (8.9)
In particular,
Γp(α)Γp(1− α) = 1. (8.10)
Convolution of homogeneous generalized function πα,θ and πβ,θ′ exists
and it is a homogeneous generalized function with respect to quasi-character
πα,θ(x)πβ,θ′(x)|x|−1p = πα+β,θθ′(x),
and thus
πα,θ ∗ πβ,θ′ = Bp(πα,θ, πβ,θ′)πα+β,θθ′ . (8.11)
Here Bp(πα,θ, πβ,θ′) is beta-function of field Qp for quasi-characters πα,θ and
πβ,θ′ ,
Bp(πα,θ, πβ,θ′) =
(
πα,θ ∗ πβ,θ′
)
(1) =
Γp(πα,θ)Γp(πβ,θ′)
Γp(πα+β,θθ′)
= Γp(πα,θ)Γp(πβ,θ′)Γp(πγ,θ′′)θ
′′(−1), α+ β + γ = 1, θθ′θ′′ = 1. (8.12)
In particular, for principal quasi-characters (θ = θ′ = 1) formula (8.12)
takes the form
Bp(α, β) = Γp(α)Γp(β)Γp(γ), α+ β + γ = 1 (8.13)
where is denoted
Bp(α, β) = Bp(|x|α−1p , |x|β−1p ).
Note another symmetric expression for the beta-function Bp(α, β) [13]:
Bp(α, β) = (1− p−1)
[
(1− p−α)−1 + (1− p−β)−1 + (1− p−γ)−1 − 1]− 1,
α+ β + γ = 1. (8.14)
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By introducing the analogy of the Euler gamma- and beta-functions,
γp(α) =
∫
Zp
|x|α−1p χp(x)dpx =
1− p−1
1− p−α ,
bp(α, β) =
∫
Zp
|x|α−1p |1− x|β−1p dpx = γp(α) + γp(β)− 1,
we get the equality (8.14) in the form
Bp(α, β) =
1
2
bp(α, β)+
1
2
bp(α, γ)+
1
2
bp(β, γ)+
1
p
−1
2
, α+β+γ = 1. (8.15)
Rank ρ(θ) of a quasi-character πα,θ (and a chracter θ) is called such
integer number k > 0 that θ(t) = 1 for |1− t|p 6 p−k, t ∈ Z×p and θ(t) 6= 1
for |1− t|p = p1−k, t ∈ Z×p . It is clear that zero rank has only the principal
quasi-character |x|αp .
For quasi-characters of the rank k > 1 the following formulas are valid
[4]:
Γp(πα,θ) = p
αkap,k(θ), (8.16)
ap,γ(θ) =
∫
S0
θ(t)χp(p
−γt)dpt, γ > 1, (8.17)
ap,γ(θ) = 0, γ 6= k, |ap,k(θ)| = p−k/2, (8.18)
ap,k(θ)ap,k(θ¯) = p
−kθ(−1), (8.19)∫
Sk
θ(pkx)χp(ξx)dpx = p
kap,k(θ)θ¯(ξ)δ(|ξ|p − 1), (8.20)
Γp(πα,θ)Γp(π
−1
α,θ) = p
kθ(−1), (8.21)
Γp(πα+1,θ) = p
kΓp(πα,θ). (8.22)
Example. The rank of a quasi-character
πα,θ(x) = |x|α−1p sgnp,dx, |d|p = 1/p, p 6= 2 (8.23)
is equal 1. Therefore and owing to (8.16) and (8.19)
Γp(πα,θ) = ±pα−1/2
√
sgnp,d(−1). (8.24)
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The operator (8.2)
ϕ→ (πα,θ , ϕ) ≡Mπ[ϕ]
is called the Mellin transform of function ϕ ∈ S with respect to a quasi-
character πα,θ(x). For θ = 1 the function M
|x|α−1p [ϕ] ≡ Mα[ϕ] is called
simply the Mellin transform of a function ϕ ∈ S. Owing to (8.3) it can be
represented in the following form
Mα[ϕ] = (1− p−α)−1
∫
|x|α−1p [ϕ(x)− ϕ(x/p)]dpx, α 6= αk, k ∈ Z.
According to (8.2) and (8.5) the equality takes place
Mπ[ϕ˜] = Γp(πα,θ)M
π˜ [ϕ] ϕ ∈ S. (8.25)
For θ = 1 formula (8.25) takes the form
Mα[ϕ˜] = Γp(α)M
1−α[ϕ]. (8.25′)
The Mellin transform of Z×p -invariant (generalized) functions
and its inversion. A function ϕ ∈ S(Q×p ) is called Z×p -invariant if ϕ(x) =
ϕ(t|x|p), t ∈ Z×p , x ∈ Q×p or, in other words,
ϕ(x) = (1− p−1)−1
∫
Zp
ϕ(t|x|p)dpt ≡ S[ϕ](|x|p).
Every Z×p -invariant function ϕ ∈ S(Q×p ) is represented uniquely in the form
ϕ(x) =
∑
γ
ϕγδ(|x|p − pγ), ϕγ = ϕ(pγ) = S[ϕ](pγ).
Thus the subspace of space S(Q×p ) consisting of Z
×
p -invariant functions
is isomorphic to the space of finite sequences {ϕγ , γ ∈ N} where N is a
bounded subset of Z.
A generalized function f ∈ S(Q×p ) is called Z×p - invariant if
(f, ϕ) = (f(x), S[ϕ](|x|p)), ϕ ∈ S(Q×p ).
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Any Z×p -invariant generalized function ϕ ∈ S′(Q×p ) is represented uniquely
in the form
f(x) =
∑
γ
fγδ(|x|p − pγ), fγ = (1− p−1)−1p−γ(f(x), δ(|x|p − pγ)),
so a subspace of the space S′(Q×p ) consisting of Z
×
p -invariant generalized
functions is isomorphic to the space sequences {fγ , γ ∈ Z}.
If ϕ ∈ S(Q×p ) is Z×p -invariant function then its Mellin transform
Mα[ϕ] =
∫
|x|α−1S[ϕ](|x|p)dpx = (1− p−1)
∑
γ∈M
ϕγp
αγ
is entire functin of α, and the invertion formula is valid [16]
ϕ(x) =
ln p
2πi(1− p−1)
∫ σ+iπ/ln p
σ−iπ/ln p
Mα[ϕ]|x|−αp dα. (8.26)
The formula (8.26) is extended also on Z×p -invariant generalized functions
f from S′(Q×p ) satisfying the condition∑
γ∈Z
|fγ |pcγ <∞
for some c. Its Mellin transform
Mα[f ] = (f(x), |x|α−1p ) = (1− p−1)
∑
γ∈Z
fγp
γα
is a holomorphic function of α in half-plane Reα < c, and the invertion
formula (8.26) is valid for f , and also integral (8.26) does not depends on
σ < c.
Space Qnp . We restrict ourself by the case of a principal quasi-character
|x|αp . The generalized function |x|α−np is homogeneous of degree α−n, holo-
morphic on α everywhere exept simple poles αk = 2kπi/ln p, k ∈ Z with
residue 1−p
−n
ln p
δ(x); the formula of the Fourier transform is valid [10]
˜|x|α−np = Γ(n)p (α)|ξ|−αp , α 6= αk, k ∈ Z (8.27)
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where Γ
(n)
p is the gamma-function of vector space Q
n
p (Γ
(1)
p = Γp),
Γ(n)p (α) =
∫
|x|α−np χp(x1)dnpx =
1− pα−n
1− p−α , α 6= αk, k ∈ Z, (8.28)
Γ(n)p (α)Γ
(n)
p (n− α) = 1, (8.29)
Γ(n)p (α) = (−1)n−1p(n−1)(n/2−α)
n−1∏
k=1
Γp(α− k). (8.30)
Beta-function B
(n)
p of space Q
n
p is defined similar to (8.11) (B
(1)
p = Bp)
by the equality
|x|α−np ∗ |x|β−np = B(n)p (α, β)|x|α+β−np , (8.31)
B(n)p (α, β) = Γ
(n)
p (α)Γ
(n)
p (β)Γ
(n)
p (γ),
α+ β + γ = n, (α, β) 6= (αk, βj), (k, j) ∈ Z2. (8.32)
Adelic formulae for gamma- and beta-functions. For gamma-
functions the following adelic formula is valid [2e)]
Γ∞(α) reg
∞∏
p=2
Γp(α) = 1, α 6= 0, 1 (8.33)
where Γ∞ is the gamma-function of field R,
Γ∞(α) =
∫
|x|α−1p exp(−2πix)dx
= 2(2π)−αΓ(α) cos
πα
2
=
ζ(1− α)
ζ(α)
(8.34)
where Γ is the Euler gamma-function and ζ is the Riemann zeta-function,
ζ(α) =
∞∑
n=1
n−α =
∞∏
p=2
(1− p−α)−1, Reα > 1.
Regularization of the divergent product in (8.33) is defined by means
of the formula
P∏
p=2
Γp(α)AC
∞∏
p=P1
(1− p−α)−1
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=
ζ(α)
ζ(1− α) AC
∞∏
p=P1
(1− pα−1)−1 P =∞, 2, 3, 5, . . . (8.35)
which folows from Tate’s formula. Here P1 is the prime number following
the prime P ; AC f(α) is the analytic continuation on α of function f(α)
which is holomorphic in some domain of the complex plane of the variable
α.
Passing on to the limit in (8.35) as P → ∞ in half-plane Reα < 0,
denoting
reg
∞∏
p=2
Γp(α) = lim
P→∞
P∏
p=2
Γp(α)AC
∞∏
p=P1
(1− p−α)−1,
and using equality (8.34) we get adelic formula (8.33). For Reα 6 0 the
reg
∏
Γp(α) is defined from (8.33) as the analytic continuation on α.
The similar adelic formula is valid also for beta-functions:
B∞(α, β) reg
∞∏
p=2
Bp(α, β) = 1 (8.36)
where
B∞(α, β) = Γ∞(α)Γ∞(β)Γ∞(γ), α+ β + γ = 1 (8.37)
is beta-function of the field R, and according to (8.13)
reg
∞∏
p=2
Bp(α, β) =
∏
x=α,β,γ
reg
∞∏
p=2
Γp(x). (8.38)
Note others symmetric expressions for B∞:
B∞(α, β) = B(α, β) +B(α, γ) +B(β, γ)
=
Γ(α)Γ(β)
Γ(α+ β)
+
Γ(α)Γ(γ)
Γ(α+ γ)
+
Γ(β)Γ(γ)
Γ(β + γ)
=
4
π
∏
x=α,β,γ
Γ(x) cos
πx
2
=
∏
x=α,β,γ
ζ(1− x)
ζ(x)
. (8.39)
Adelic formula for the Riemann zeta-function,
ζ(α) =
∞∑
n=1
n−α =
∞∏
p=2
(1− p−α)−1.
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ζ(α) satisfies relation
π−α/2Γ(α/2)ζ(α) = π−(1−α)/2Γ((1− α)/2)ζ(1 − α). (8.40)
Denote
ζ∞(α) =
∫
exp−πx
2 |x|α−1dx = π−α/2Γ(α/2), (8.41)
ζp(α) =
1
1− p−1
∫
Zp
|x|α−1p dpx = (1− p−α)−1, (8.42)
ζA(α) = ζ∞(α)ζ(α). (8.43)
Then the following formulae are valid:
ζA(α) = ζA(1− α), ( cf. (8.40) ), (8.44)
Γ∞(α) =
ζ∞(α)
ζ∞(1− α) =
ζ(α)
ζ(1− α) (8.45)
(cf. (8.34)),
ζ∞(α)
∞∏
p=2
ζp(α) = ζA(α). (8.46)
Formula (8.45) is the adelic formula for the Riemann zeta-function.
§9. Quadratic Extensions of the Field Qp
Let d 6∈ Q×2p be a p-dic number.Quadratic extension of the field Qp is
the field Qp(
√
d) = Qp +
√
dQp. Let us describe all non-isomorphic fields
Qp(
√
d). According to what has been said in §1 it is sufficient to consider
integer rational numbers d, free of squares, i.e. d = ±p1p2 . . . pn, d 6= 1,
where p1, p2, . . . , pn are different prime numbers.
The following cases are possible:
p 6= 2, p1, . . . , pn,
(d
p
)
= 1, Qp(
√
d) ∼ Qp;
p 6= 2, p1, . . . , pn,
(d
p
)
= −1, Qp(
√
d) ∼ Qp(
√
ǫ), ǫ 6∈ Q×2p , |ǫ|p = 1;
p 6= 2, p = pi,
(d/pi
p
)
= 1, Qp(
√
d) ∼ Qp(
√
p);
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p 6= 2, p = pi,
(d/pi
p
)
= −1, Qp(
√
d) ∼ Qp(
√
pǫ), ǫ 6∈ Q×2p , |ǫ|p = 1;
p = 2, d ≡ 3, 5, 7(mod 8), Q2(
√
d) ∼ Q2(
√
ǫ), ǫ = 3, 5, 7 resp. ;
p = 2, d/2 ≡ 1, 3, 5, 7(mod 8), Q2(
√
d) ∼ Q2(
√
2ǫ), ǫ = 1, 3, 5, 7 resp. .
Note that Qp(
√
d) is the closure of the field Q(
√
d) = Q +
√
dQ on metric√|zz¯|p where z = x+√dy, z¯ = x−√dy, zz¯ = x2 − dy2, x, y ∈ Q.
The Haar mesure dpz of field Qp(
√
d) we choose in the form
dpz = 1/δdpxdpy, z = x+
√
dy, x, y ∈ Qp (9.1)
where δ = δp,d = 2 if p = 2, d ≡ 5(mod 8) and δ = 1 otherwise. The mesure
dpz is normalized by the condition (see [2d)])∫
B2
0
dpz = 1, B
2
0 = [z ∈ Qp(
√
d) : |zz¯|p 6 1]. (9.2)
The following equality is valid
dp(az) = |aa¯|pdpz, a ∈ Q×p (
√
d). (9.3)
The quantity |aa¯|p is called the module of automorphism z → az of field
Qp(
√
d).
The maximal compact subring Zp(
√
d) of field Qp(
√
d) is
Zp(
√
d) = [z ∈ Qp(
√
d) : |zz¯|p 6 1], Zp = B20 ;
its multiplicative subgroup is
Z×p (
√
d) = [z ∈ Qp(
√
d) : |zz¯|p = 1];
its maximal ideal is
Ip(
√
d) = [z ∈ Qp(
√
d) : |zz¯|p < 1].
Residue classes Zp(
√
d)/Ip(
√
d) form the finite field of characteristic p called
residue field; a number of its elements q = qp,d (is equal to p or p
2) is called
the module of field Qp(
√
d). For special cases we have: for p = 2, d ≡
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5(mod 8), q = 4 the residue field is {0, 1, 1/2 ± √5/2}; for d 6≡ 5(mod 8),
q = 2 the residue field is {0, 1}; for p 6= 2, |d|p = 1, q = p2 the residue field
is {k +√dj, k, j = 0, 1, . . . , p− 1}; for |d|p = 1/p, q = p the residue field is
{0, 1, . . . , p− 1.}
The Fourier transform ϕ˜(ζ), ζ = ξ +
√
dη of a test function ϕ(z) ≡
ϕ(x, y) in S(Qp(
√
d)) ∼ S(Q2p) we define by the following formula
ϕ˜(ζ) = δ
√
|4d|p
∫
ϕ(z)χp(zζ + z˜ζ˜)dpz
=
√
|4d|p
∫
ϕ(x, y)χp(2xξ + 2dyη)dpxdpy.
The invers Fourier transform is expressed by the equality
ϕ(z) = δ
√
|4d|p
∫
ϕ˜(ζ)ξp(−zζ − z˜ζ˜)dpζ.
Thus the mesure δ
√|4d|pdpz is self-dual with respect to the charater χp(z+
z¯).
The generalized function
|zz¯|α−1p = |x2 − dy2|α−1p
is defined by the equality (see §8)
(|zz¯|α−1p , ϕ) =
∫
|zz¯|p61
|zz¯|α−1p [ϕ(z)− ϕ(0)]dpz
+
∫
|zz¯|p>1
|zz¯|α−1p dpz + ϕ(0)
1− q−1
1− q−α , ϕ ∈ S(Qp(
√
d))
or, equivalently,
(|zz¯|α−1p , ϕ) =
∫
[|zz¯|α−1p [ϕ(z)− ϕ(0)]dpz, ϕ ∈ S(Qp(
√
d)).
Here we used formulas:∫
B2
0
|zz¯|α−1p dpz =
1− q−1
1− q−α , α 6= αk, k ∈ Z, (9.4)
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|zz¯|α−1p dpz = 0, α 6= αk, k ∈ Z (9.5)
where
αk = 2kπi/ln q, k ∈ Z. (9.6)
The generalized function |zz¯|α−1p (degree of homogeneity 2α − 2) is
holomorphic on α everywhere exept simple poles α = αk, k ∈ Z (see (9.5))
with the residue q−1q ln q δ(x, y).
The Fourier transform formula is valid [2d)]
F [|zz¯|α−1p ] = Γp,d(α)|ζζ¯ |−αp , α 6= αk, k ∈ Z (9.7)
where
Γp,d(α) = δ
√
|4d|p
∫
|zz¯|α−1p ξp(z + z¯)dpz = ρp,d(α)Γq(α) (9.8)
is gamma-function of the field Qp(
√
d);
Γq(α) =
1− qα−1
1− q−α (9.9)
is reduced gamma-function of the field Qp(
√
d); and
ρp,d(α) = 1, if |d|p = 1, p 6= 2 or d ≡ 5(mod 8), p = 2,
= pα−1/2, if |d|p = 1/p, p 6= 2,
= p2α−1, if d ≡ 3(mod 4), p = 2,
= p3α−3/2, if |d|2 = 1/2, p = 2. (9.10)
From (9.8)–(9.10) it follows the following relation for gamma-function of
the field Qp(
√
d):
Γp,d(α)Γp,d(1− α) = 1. (9.11)
Beta-function of the field Qp(
√
d) is introduced similar to §8. The convo-
lution |zz¯|α−1p ∗ |zz¯|β−1p exists for all complex (α, β) from the tube domain
Reα > 0,Reβ > 0,Re(α+ β) < 1, and it is expressed by the integral
|zz¯|α−1p ∗ |zz¯|β−1p =
∫
|ζζ¯|α−1p |(z − ζ)(z¯ − ζ¯)|β−1p dpζ
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= Bp,d(α, β)|zz¯|α+β−1p (9.12)
where Bp,d is beta-function of the field Qp(
√
d) [4]:
Bp,d(α, β) =
∫
|ζζ¯|α−1p |(1− ζ)(1− ζ¯)|β−1p dpζ
=
Γp,d(α)Γp,d(β)
δ
√|4d|pΓp,d(α+ β) . (9.13)
From equalities (9.8)–(9.13) it follows such symmetric expessions for beta-
function:
Bp,d(α, β) =
1
δ
√|4d|pΓp,d(α)Γp,d(β)Γp,d(γ) = Bq(α, β)
= Γq(α)Γq(β)Γq(γ), α+ β + γ = 1, (α, β) 6= (αk, βj), (k, j) ∈ Z2. (9.14)
Note that equalities (9.12)–(9.14) are valid for all (α, β) such that (α, β) 6=
(αk, αj), (k, j) ∈ Z2.
We call upper (lower) half-plain of the field Qp(
√
d) a set of points
z = x+
√
dy for which sgnp,dy = 1 (resp. sgnp,dy = −1).
Generalized functions (x±√d0)−1 are defined as the Fourier transform
of functions
θ±d (ξ) =
1
2
(1± sgnp,dξ), (x±
√
d0)−1 = θ˜±d (x). (9.15)
The following equalities are valid [4]
F [θ±d ](x) = (x±
√
d0)−1 =
1
2
δ(x) + Cp,d
sgnp,dx
|x|p , p 6= 2 (9.16)
which are similar to the Sochozki formulae (for the field R). Here a gener-
alized function
sgnp,dx
|x|p
is defined by the equality
( sgnp,dx
|x|p , ϕ
)
=
∫
sgnp,dx
|x|p ϕ(x)dpx, ϕ ∈ S, (9.17)
Cp,d =

√
p
p+1 , if |d|p = 1,
±12
√
psgnp,d(−1), if |d|p = 1/p.
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For Γq-function the following adelic formulae are valid [2d)]
Γ2∞(α) reg
∞∏
p=2
Γνq (α) = D
1/2−α, d > 0, (9.18)
Γω(α) reg
∞∏
p=2
Γνq (α) = |D|1/2−α, d < 0 (9.18′)
where Γ∞ and Γω are gamma-functions of fields R and C resp.;
Γω(α) = 2
∫
|zz¯|α−1 exp(−4πix)dxdy = (2π)1−2α Γ(α)
Γ(1− α) ;
= 2(2π)−2αΓ2(α) sin πα = iΓ∞(α)Γ˜(α),
where
Γ˜(α) =
∫
sgnx|x|α−1 exp(−2πix)dx = −2i(2π)−αΓ(α) sin πα
2
;
ν = 2 if d ∈ Q×2p and ν = 1 if d 6∈ Q×2p ; D is the discriminant of the field
Q(
√
d),
D =
{
d, if d ≡ 1(mod 4)
4d, if d ≡ 2, 3(mod 4) .
(We took the Haar mesure of field C in the form |dz∧z¯| = 2dxdy, z = x+iy.)
Regularization of the divergent infinite products in (9.18) is defined by
the formula (cf. (8.35))
P∏
p=2
Γνq (α)AC
∞∏
p=P1
(1− q−α)−ν = ζd(α)
ζd(1− α) AC
∞∏
p=P1
(1− q−α)−ν ,
P =∞, 2, 3, 5, . . . (9.19)
which follows from general Tate’s formula. Here ζd is Dedekind’s zeta-
function of the field Q(
√
d),
ζd(α) =
∞∏
p=2
(1− q−α)−ν , ζ1(α) = ζ2(α).
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The Dedekind zeta-function satisfies relation (cf. (8.40))
(2π)1−αΓ(α)ζd(α) = (2π)
αΓ(1− α)ζd(1− α)|D|1/2−α,
which is equivalent to relation (cf. (8.46))
ζAd(α) = ζAd(1− α)|D|1/2−α,
where it is denoted
ζAd(α) = (2π)
1−αΓ(α)ζd(α).
Passing on in (9.19) to the limit P →∞, denoting
reg
∞∏
p=2
Γνq (α) = lim
P→∞
P∏
p=2
Γνq (α)AC
∞∏
p=P1
(1− q−α)−ν
and using equalities
Γ2∞(α) = D
1/2−α ζd(1− α)
ζd(α)
, d > 0, (9.20)
Γω(α) = |D|1/2−α ζd(1− α)
ζd(α)
, d < 0 (9.20′)
in the halp-plain Reα < 0 we obtain the adelic formulae (9.18). For remain-
ing α reg
∏
Γ−νq (α) is defined from formulae (9.18) s analytic continuation
on α.
Similar adelic formulae are valid also for beta-functions
B2∞(α, β) reg
∞∏
p=2
Bνq (α, β) =
√
D, d > 0, (9.21)
Bω(α, β) reg
∞∏
p=2
Bνq (α, β) =
√
|D|, d < 0 (9.21′)
where B∞ and Bω are beta-functions of fields R and C resp.,
Bω(α, β) = Γω(α)Γω(β)Γω(γ), α+ β + γ = 1 (9.22)
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and in accordance with the formula (9.14) (cf. (8.36))
reg
∞∏
p=2
Bνq (α, β) =
∏
x=α,β.γ
reg
∞∏
p=2
Γνq (x).
Note another symmetric expressions for Bω
Bω(α, β) = 2π
∏
x=α,β,γ
Γ(x)
Γ(1− x) =
2
π2
∏
x=α,β,γ
Γ2(x) sin πx. (9.23)
§10. The operator Dα
The generalized function
fα(x) =
|x|α−1p
Γp(α)
is holomorphic on α everywhere exept simples poles 1 + αk, αk =
2kπi/ln p, k ∈ Z with the residue 1−pp ln p , and also fαk = δ and
fα ∗ fβ = fα+β, α 6= 1 + αk, β 6= 1 + αj , α+ β 6= 1 + αi, (k, j, i) ∈ Z3.
Let α ∈ R, α 6= −1 and f ∈ S′ be such that the convolution f−α ∗ f exists
in S′. Operator Dαf = f−α ∗f is called for α > 0 the operator (fractional)
differentiation of order α, nd for α < 0 the operator (fractional) integration
of order −α; for α = 0 D0f = δ ∗ f = f is the identical operator [2a)].
Example. If α = 1 ϕ ∈ S then
(Dϕ)(x) =
p2
p+ 1
∫
ϕ(x)− ϕ(y)
|x− y|2p
dpy =
∫
|ξ|pϕ˜(ξ)χp(−ξx)dpξ. (10.1)
Thus the operator D is hyper-singular pseudo-differential operator (PDO)
with the symbol |ξ|p.
Let α = 1 be. Consider a locally-integrable in Qp function
f1(x) = −1− p
−1
ln p
ln |x|p. (10.2)
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It possesses the following properties:∫
fα(x)ϕ(x)dpx→
∫
f1(x)ϕ(x)dpx, α→ 1, (10.3)
if ϕ ∈ S satisfies the condition∫
ϕ(x)dpx = 0; (10.4)
f˜1(ξ) = reg |ξ|−1p +
1
p
δ(ξ) (10.5)
where a generalized function reg |ξ|−1p is defined in §6;
f1 ∗ fα = f1−α, α > 1. (10.6)
The operator of integration of order 1 corresponding to the value of
α = −1 is equal
D−1f = f1 ∗ f, f ∈ S′ (10.7)
if the convolution f1 ∗ f exists. Then
D−αf → D−1f, α→ 1 in S′ (10.8)
if f ∈ E′ and
G
∫
f(x)dpx = 0. (10.9)
Summarizing we get the following properties of the operatorDα, α ∈ R:
DαDβf = Dα+βf = DβDαf, f ∈ S′ (10.10)
if (α, β, α + β) 6= (−1,−1,−1) or α 6 0, β = −1 or α = −1, β 6 0; if f
satisfies the codition (10.9) then the equalities (10.10) are valid for all real
α and β, and Dαf continuously depends on α in S′.
Example.
Dαχp(ax) = |a|αpχp(ax), α ∈ R, a ∈ Q×p . (10.11)
The equation
Dαψ = g, g ∈ E′ (10.12)
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is solvable for all α ∈ R and also for α > 0 its general solution is expressed
by the formula
ψ = D−αg + C (10.13)
where C is arbitrary constant; for α 6 0 its solution is unique and it
expressed by the formula (10.13) for C = 0.
The fundamental solution E(x) of the operator Dα,
DαE(x) = δ(x), E ∈ S′ (10.14)
has been calculated in [2a)]. It is equal to
E(x) =
{
Γ−1p (α)|x|α−1p , α 6= 1,
−1−p−1ln p ln |x|p, α = 1.
(10.15)
Note that a fundamental solution does not exist in S′ for any PDO.
For example, for the operator Dαt −Dαx it is the case. Indeed, if a solution
E of the equation
(Dαt −Dαx )E(t, x) = δ(t, x)
would exist in S′ so we would have the contradictory equation
(|η|αp − |ξ|αp )F [E](η, ξ) = 1, (η, ξ) ∈ Q2p
in which left-hand side vanishes in the open set |η|p = |ξ|p of space Q2p.
The operator Dα for α > 0 in a clopen set G is defined on those
ψ ∈ L2(G) (see §4) for which |ξ|αp ψ˜ ∈ L2. This set of functions is called
domain of definition of the operatorDα in the clopen set G and it is denoted
D(Dα, G); D(Dα,Qp) = D(D
α). The following equality is valid
(Dαψ,ϕ) =
∫
|ξ|αp ψ˜(ξ)¯˜ϕ(ξ)dpξ, ψ, ϕ ∈ D(Dα, G). (10.16)
The operator Dα in G is self-adjoint positive-definite, and also owing
to (10.16) for all ψ ∈ D(Dα, G) we have
(Dαψ,ψ) = (Dα/2ψ,Dα/2ψ) =
∫
|ξ|αp |ψ(ξ)|2dpξ > 0, (10.17)
so its spectrum is situated on semi-axis λ > 0.
42
For the operator Dα, α > 0 we consider the eigen-value problem
Dαψ = λψ, ψ ∈ D(Dα, G). (10.18)
Theorem [1],[1b)]. The spctrum of the operator Dα in Qp consists
of countable number of eigen-values λN = p
αN , N ∈ Z every of which is
infinite multiplicity, and the point 0. There exists an ortho-normalized bases
of eigen-functions in L2(Qp) of the operator D
α, and it have the following
form: for p 6= 2
ψℓN,j,ǫ(x) = p
N+1−ℓ
2 δ(|x|p − pℓ−N )δ(x0 − j)χp(ǫℓpℓ−2Nx2), (10.19)
ℓ = 2, 3, . . . , j = 1, 2, . . . , p− 1, ǫℓ = ε0 + ε1p+ . . .+ εℓ−2pℓ−2,
εs = 0, 1, . . . , p− 1, ε0 6= 0, s = 0, 1, . . . , ℓ− 2, ε0 6= 0, s = 0, 1, . . . , ℓ− 2;
ψ1N,j,0(x) = p
N−1
2 Ω(pN−1|x|p)χp(jp−Nx), ℓ = 1,
j = 1, 2, . . . , p− 1, ǫℓ = 0; (10.19′)
for p = 2
ψℓN,j,ǫℓ(x) = 2
N−ℓ
2 δ(|x|2 − 2ℓ+1−N )χ2(ǫℓ2ℓ−2Nx2 + 2ℓ−N+jx), (10.20)
ℓ = 2, 3, . . . , j = 0, 1, ǫℓ = 1+ε12+. . .+εℓ−22
ℓ−2, εs = 0, 1, s = 1, 2, . . . , ℓ−2;
ψ1N,j,0(x) = 2
N−1
2 [Ω(2N |x− j2N−2|2)− δ(|x− j2N−2|2 − 21−N )],
ℓ = 1, j = 0, 1, ǫℓ = 0. (10.20
′)
Theorem [2b)],[2c)]. If G is a clopen compact then eigen-values
λk, k = 0, 1, . . . of the operator D
α, α > 0 in G are of finite multplicity and
eigen-functions ψk(x) form an ortho-normalized bases in L
2(G).
Example. Eigen-values and ortho-normalized bases of eigen-functions
of the operator Dα in Bγ , γ ∈ Z [2b)]. For p 6= 2:
λ0 =
p− 1
pα+1 − 1p
α(1−γ), ψ0(x) = p
−γ/2, multipl. 1;
λk = p
α(k−γ), ψk(x) = ψ
ℓ
k−γ,j,ǫℓ
(x), ℓ = 1, 2, . . . , k, j = 1, 2, . . . , p−1, ǫℓ,
multipl. (p− 1)pk−1, k = 1, 2, . . . .
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For p = 2:
λ0 =
2α(1−γ)
2α+1 − 1 , ψ0(x) = 2
−γ/2, multipl. 1;
λ1 = 2
α(1−γ), ψ1(x) = ψ
1
1−γ,0,0(x), multipl. 1;
λk = 2
α(k−γ), ψk(x) = ψ
ℓ
k−γ,j,ǫℓ
(x), ℓ = 1, 2, . . . , k − 1, j = 0, 1,
multipl. 2k−1, k = 2, 3, . . . .
Example. Eigen-values and normalized bases of eigen-functions of the
operator Dα in Sγ , γ ∈ Z [2b)]. For p 6= 2:
λ0 =
pα + p− 2
pα+1 − 1 p
α(1−γ), ψ0(x) = p
1−γ
2 (p− 1)1/2, multipl. 1;
λ1 = p
α(1−γ), ψ1(x) = 2
−1/2[ψ11−γ,j,0(x)− ψ11−γ,j+1,0(x)], multipl. p− 2;
λk = p
α(k−γ), ψk(x) = ψ
k
k−γ,j,ǫk
(x), j = 1, 2, . . . , p− 1, ǫk,
multipl. (p− 1)2pk−2, k = 2, 3, . . . .
For p = 2:
λ0 =
2α(2−γ)
2α+1 − 1 , ψ0(x) = 2
1−γ
2 , multipl. 1;
λ1 = 2
α(2−γ), ψ1(x) = ψ
1
1−γ,1,0(x), multipl. 1;
λk = 2
α(k+1−γ), ψk(x) = ψ
k
k+1−γ,j,ǫk
(x), j = 0, 1, ǫk,
multipl. 2k−1, k = 2, 3, . . . .
It should be pointed out that multiplicative characters of rank k of the
group Z×p are eigen-functions of the operator D
α in S0 correspondig to the
eigen-value λk [11a)]. On the other hand, a number of linearly idependent
multiplicative characters of rank k of the group Z×p was calculated (see [16])
and it coincides to the multiplicity nk of the eigen-value λk f the operator
Dα, α > 0 in S0 [2b)]. From here it follows such result:
There is exist an ortho-nomalized bases of eigen-functions of the oper-
ator Dα, α > 0 in S0 consisting of all multiplicative characters of the group
Z×p .
On the other hand, any multiplicative character of the group Z×p of rank
k is expanded on eigen-functions ψak+j(x), j = 1, 2, . . . , nk (by a suitable
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choose of ak [2b)], that is it is expanded on additive characters of the field
Qp.
Indicate concrete values for λk and nk. Assuming γ = 0 we get [2b)]:
for p 6= 2
λ0 =
pα + p− 2
pα+1 − 1 p
α, n0 = 1;
λ1 = p
α, n1 = p− 2; λk = pαk, nk = (p− 1)2pk−2, k = 2, 3, . . . ;
for p = 2
λ0 =
22α
2α+1 − 1 , n0 = 1; λk = 2
α(k+1), nk = 2
k−1, k = 1, 2, . . . .
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Part II
Tables of integrals
§11. Primary integrals, one variable
∫
B0
dpx = 1. (11.1)∫
Bγ
dpx = p
γ . (11.2)
∫
Sγ
dpx = (1− 1/p)pγ . (11.3)
∫
f(x)dpx =
∞∑
γ=−∞
∫
Sγ
f(x)dpx. (11.4)
∫
Bγ
f(|x|p)dpx = (1− 1/p)
γ∑
k=−∞
pkf(pk). (11.5)
∫
f(|x|p)dpx = (1− 1/p)
∞∑
k=−∞
pkf(pk). (11.6)
∫
D
f(x)dpx = |a|p
∫
D−b
a
f(ay + b)dpy, a 6= 0. (11.7)∫
Sγ
f(x)dpx = p
2γ
∫
S−γ
f(1/y)dpy. (11.8)∫
Bγ
f(x)dpx =
∫
Qp\B1−γ
f(1/y)|y|−2p dpy. (11.9)∫
f(x)dpx =
∫
f(1/y)|y|−2p dpy. (11.10)∫
f(|x|p)dpx =
∫
f(1/|y|p)|y|−2p dpy. (11.11)∫
Gp
f(x)dpx =
∫
Gp
f(sin y)dpy. (11.12)
46 ∫
Gp
f(x)dpx =
∫
Gp
f(arcsin y)dpy. (11.13)∫
Gp
f(x)dpx =
∫
Gp
f(tg y)dpy. (11.14)∫
Gp
f(x)dpx =
∫
Gp
f(arctg y)dpy. (11.15)∫
Gp
f(x)dpx =
∫
Jp
f(ln y)dpy. (11.16)∫
Jp
f(x)dpx =
∫
Gp
f(exp y)dpy. (11.17)
∫
Bγ
|x|α−1p dpx =
1− p−1
1− p−α p
αγ , Reα > 0. (11.18)
∫
S0
|x− 1|α−1p dpx =
p− 2 + p−α
p(1− p−α) , Reα > 0 [2a)]. (11.19)
. ∫
Sγ
|x− a|α−1p dpx =
p− 2 + p−α
p(1− p−α) |a|
α
p , |a|p = pγ ,Reα > 0. (11.20)
∫
Bγ
ln |x|pdpx =
(
γ − 1
p− 1
)
pγ ln p. (11.21)
∫
S0
ln |x− 1|pdpx = − ln p
p− 1 [2a)]. (11.22)∫
Sγ
ln |x− a|pdpx =
[
(1− 1/p) ln |a|p − ln p
p− 1
]
|a|p, |a|p = pγ . (11.23)∫
Sγ
ln |x|pdpx = γ(1− 1/p)pγ ln p. (11.24)∫
|x|α−1p |1− x|β−1p dpx = Bp(α, β),
Reα > 0,Reβ > 0,Re(α+ β) < 1 [4]. (11.25)∫
|x|α−1p |y − x|β−1p dpx = Bp(α, β)|y|α+β−1p ,
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Reα > 0,Reβ > 0,Re(α+ β) < 1. (11.26)∫
Bγ
|x2 + a2|(α−1)/2p dpx = pγ |a|α−1p , pγ < |a|p. (11.27)
=
1− pα−1
1− pα |a|
α
p +
1− p−1
1− p−α p
αγ ,
pγ > |a|p 6= 0,Reα > 0, p ≡ 3(mod 4) [3a)]. (11.28)
=
[
1− 2/p+
(
1− 1/p
)( 2
p(α+1)/2 − 1 −
1
1− p−α
)]
|a|αp −
1− p−1
1− p−α p
αγ ,
pγ > |a|p 6= 0,Reα > 0, p ≡ 1(mod 4) [3a)]. (11.29)
∫
|x2 + a2|(α−1)/2p dpx, a 6= 0
=
1− pα−1
1− pα |a|
α
p , Reα < 0, p ≡ 3(mod 4). (11.30)
=
[
1− 2/p+
(
1− 1/p
)( 2
p(α+1)/2 − 1 −
1
1− p−α
)]
|a|αp ,
Reα < 0, p ≡ 1(mod 4). (11.31)∫
S0
|1+x2|α−1p dpx = 1−3/p−2
1− p−1
1− pα , Reα > 0, p ≡ 1(mod 4). (11.32)∫
Sγ,k0
dpx = p
γ−1, k0 = 1, 2, . . . , p− 1 [2a)]. (11.33)∫
S
k0
γ
dpx = (1− 2/p)pγ , k0 = 1, 2, . . . , p− 1 [2a)]. (11.34)∫
Sγ,kn
dpx = (1− 1/p)pγ−1, kn = 0, 1, . . . , p− 1, n ∈ Z+ [2a)]. (11.35)∫
Sknγ
dpx = (1− 1/p)2pγ , kn = 0, 1, . . . , p− 1, n ∈ Z+ [2a)]. (11.36)∫
Sγ,k0k1...kn
dpx = p
γ−n−1,
kj = 0, 1, . . . , p− 1, k0 6= 0, n ∈ Z+ [2a)]. (11.37)
48 ∫
S
k0k1...kn
γ
dpx = (1− p−1 − p−n−1)pγ ,
kj = 0., 1, . . . , p− 1, k0 6= 0, n ∈ Z+ [2a)]. (11.38)∫
∩16i6k[|x−xi|p=1]
dpx = 1− k/p,
1 6 k 6 p, |xj − xj |p = 1, i, j = 1, 2, . . . , k, i 6= j [9a)]. (11.39)
Let π be a multiplicative character of the field Qp of rank k > 1.∫
Sγ
π(x)dpx = 0 [4]. (11.40)
Denote: V0 = S0, Vj = [x ∈ S0 : |1− x|p 6 p−j ], j ∈ Z+.∫
Vj\Vj+1
π(x)dpx = 0, 0 6 j < k − 1. (11.41)
= −p−k, j = k − 1. (11.42)
= (1− 1/p)p−j , j > k [11a)]. (11.43)∫
S0
|1− x|α−1p π(x)dpx = Γp(α)p−kα, Reα > 0 [11a)]. (11.44)∫
Sγ
sgnp,ǫxdpx = (1− 1/p)(−p)γ , ǫ /∈ Q×2p , |ǫ|p = 1, p 6= 2 [4]. (11.45)∫
Bγ
sgnp,ǫxdpx =
p− 1
p+ 1
(−p)γ , ǫ /∈ Q×2p , |ǫ|p = 1, p 6= 2 [4]. (11.46)
∫
B0
sgnp,ǫxdpx =
p− 1
p+ 1
, ǫ /∈ Q×2p , |ǫ|p = 1, p 6= 2 [4]. (11.47)
= 1/3, ǫ ≡ 5(mod 8), p = 2, (11.48)
= 0, |ǫ|p = 1/p, p 6= 2 or ǫ 6≡ 1, 5(mod 8), p = 2 [4]. (11.49)
∫
B0
θ+ǫ (x)dpx =
p
p+ 1
, ǫ /∈ Q×2p , |ǫ|p = 1, p 6= 2. (11.50)
= 2/3, ǫ ≡ 5(mod 8), p = 2. (11.51)
= 1/2, |ǫ|p = 1/p, p 6= 2 or ǫ 6≡ 1, 5(mod 8), p = 2 [4]. (11.52)
49∫
B0
θ−ǫ (x)dpx =
1
p+ 1
, ǫ /∈ Q×2p , |ǫ|p = 1, p 6= 2. (11.53)
= 1/3, ǫ ≡ 5(mod 8), p = 2. (11.54)
= 1/2, |ǫ|p = 1/p, p 6= 2 or ǫ 6≡ 1, 5(mod 8), p = 2 [4]. (11.55)
∫
(B0)2
dpx =
p
2(p+ 1)
, p 6= 2. (11.56)
= 1/6, p = 2 (11.57)
where (B0)
2 is the set of squares of integers p-adic numbers Zp.∫
γ(x)=2k60
dpx =
p
p+ 1
. (11.58)
∫
γ(x)=2k60
f(|x|p)dpx = (1− 1/p)
∞∑
γ=0
p−2γf(p−2γ). (11.59)
∫
γ(x)−1=2k60
dpx =
1
p+ 1
. (11.60)
∫
γ(x)−1=2k60
f(|x|p)dpx = (1− 1/p)
∞∑
γ=0
p−2γ−1f(p−2γ−1). (11.61)
∫
B0
λp(x)|x|−1/2p dpx = 1, p 6= 2 [1b)]. (11.62)
= 2−3/2, p = 2 [1b)]. (11.63)
Let a function f has the property∫
B0
f(x+ k)dpx = f(k), k ∈ Ip
where Ip is the set of indexes,
Ip = [k ∈ Qp : k = p−γ(k0 + k1 + . . .+ kγ−1pγ−1),
kj = 0, 1, . . . , p− 1, k0 6= 0, j = 0, 1, . . . , γ − 1, γ ∈ Z+].
50 ∫
Qp\B0
f(x)dpx =
∑
k∈Ip
f(k) [14]. (11.64)
∫
B−1\B−2n
λ2p(x)|x|−1p dpx, n ∈ Z+
= 1− 1/p, p ≡ 3(mod 4) [1b)] (11.65)
= (1− 1/p)(2n − 1), p ≡ 1(mod 4) [1b)] (11.66)∫
B−2\B−2n
λ22(x)|x|−12 d2x = 0, p = 2, n > 2 [1b)]. (11.67)
Denote |(x,m)|p = max(|x|p, |m|p).∫
|(y,m)|α−1p |(x− y,m)|β−1p dpy = Bp(α, β)|(x,m)|α+β−1p
−Γp(α)|pm|αp |(x,m)|β−1p − Γp(β)|pm|βp |(x,m)|α−1p ,
m 6= 0,Re(α+ β) < 1 [9a)]. (11.68)
Denote:
Kt(x, y) = λp(t)
√
|2/t|pχp
( 2xy
sin t
− x
2 + y2
tg t
)
, t ∈ Gp, x, y ∈ Qp,
Kt(x) = λp(t)
√
|2/t|pχp
(−x2/t), t ∈ Q×p , x ∈ Qp.∫
Kt(x, y
′)Kτ (y
′, x)dpy
′ = Kt+τ (x, y),
t, τ ∈ Gp, x, y ∈ Qp [7]. (11.69)∫
B0
Kt(x, y)dpy = Ω(|x|p), t ∈ Gp, x ∈ Qp [7]. (11.70)
Kt(x, y)→ δ(x− y), t→ 0 S′(Q2p) [7]. (11.71)∫
Kt(x− y)Kτ (y)dpy = Kt+τ (x), t, τ ∈ Q×p , x ∈ Qp [7]. (11.72)
Kt(x)→ δ(x), t→ 0 S′ [7]. (11.73)
51∫
|x|p 6=1
f(|x|p)|1− x|−1p dpx = (1− p−1)
∑
γ 6=0
f(pγ)min(1, pγ). (11.74)
§12. The Fourier integrals
The Fourier integral is called an integral of the form∫
f(x)χp(ξx)dpx, ξ ∈ Q×p .
∫
Bγ
χp(ξx)dpx = p
γΩ(pγ |ξ|p) [2a)]. (12.1)∫
Sγ
χp(ξx)dpx = (1− 1/p)pγΩ(pγ |ξ|p)− pγ−1δ(|ξ|p − p1−γ) [2a)]. (12.2)∫
χp(ξx)dpx = 0, ξ 6= 0 [2a)]. (12.3)
∫
Bγ
f(|x|p)χp(ξx)dpx
= (1− 1/p)
∞∑
k=−γ
p−kf(p−k), |ξ|p 6 p−γ . (12.4)
= (1− 1/p)|ξ|−1p
∞∑
k=0
p−kf(p−k|ξ|−1p )− |ξ|−1p f(p|ξ|−1p ),
|ξ|p > p−γ [2a)]. (12.5)
=
∫
f(|x|p)χp(ξx)dpx, |ξ|p > p−γ . (12.6)
∫
f(|x|p)χp(ξx)dpx, ξ 6= 0
= (1− 1/p)|ξ|−1p
∞∑
k=0
p−kf(p−k|ξ|−1p )− |ξ|−1p f(p|ξ|−1p ) [2a)]. (12.7)
∫
|x|α−1p χp(x)dpx =
1− pα−1
1− p−α = Γp(α), Reα > 0 [4]. (12.8)
52 ∫
|x|α−1p χp(ξx)dpx = Γp(α)|ξ|−αp , ξ 6= 0,Reα > 0 [4]. (12.9)∫
ln |x|pχp(x)dpx = −(1− 1/p)−1 ln p [2a)]. (12.10)∫
ln |x|pχp(ξx)dpx = −(1− 1/p)−1 ln p|ξ|−1p , ξ 6= 0 [2a)]. (12.11)
∫
χp(ξx)
|x|2p +m2
dpx, m 6= 0
= (1− 1/p)
∞∑
k=−∞
pk
p2k +m2
, ξ = 0. (12.12)
= (1− 1/p) |ξ|p
p2 +m2|ξ|2p
∞∑
k=0
p−k
p2 − p−2k
p−2k +m2|ξ|2p
, ξ 6= 0 [2a)].(12.13)
∼ p
4 + p3
p2 + p+ 1
m−4|ξ|−3p +O(|ξ|−5p ), |ξ|p →∞ [2a)]. (12.14)
µαt (x) =
∫
exp(−t|ξ|αp )χp(ξx)dpξ, t > 0, α > 0
= (1− 1/p)|x|−1p
∞∑
γ=0
p−γ exp(−t|px|−αp )
×
(
exp[t|px|−αp (1− p−αγ−α)]− 1
)
> 0. (12.15)
=
∞∑
n=1
(−t)n
n!
Γp(αn+ 1)|ξ|−αn−1p [1a)]. (12.16)∫
µαt (x)dpx = 1, t > 0. (12.17)
µαt (x)→ δ(x), t→ 0 in S′ [1a)]. (12.18)
µαt ∗ µατ = µαt+τ , t, τ > 0 [1a)]. (12.19)∫ ∞
0
µαt (x)dt = Γ
−1
p (α)|x|α−1p = fα(x), α 6= αk, k ∈ Z. (12.20)
∂
∂t
µαp (x)|t=0 = Γp(α+ 1)|x|−α−1p , α > 0. (12.21)
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|x|αp = −Γ−1p (−α)
∫
[1−Reχp(xξ)]|ξ|−α−1p dpξ (12.22)
and also
−Γ−1p (−α)|ξ|−α−1p dpξ > 0, α > 0.∫
B−1
χp(a
2 tg ξ − xξ)dpξ, p 6= 2 [1b)]
= 1/2Ω(|px|p), |a|p 6 1. (12.23)
= 1/2δ(|x|p − p2)δ(x0 − (a2)0), |a|p = p. (12.24)
= 1/2δ(|x|p − |a|2p)δ(x0 − (a2)0)δ(x1 − (a2)1)ϕa(x),
|a|p > p2 (12.25)
where ϕa(x) is a continuous function.∫
|x|α−1p |x− a|β−1p χp(x)dpx, Reα > 0,Reβ > 0,Re(α+ β) < 1
= Bp(α, β)|a|α+β−1p + Γp(α+ β − 1), |a|p 6 1. (12.26)
= Γp(α)|a|β−1p + Γp(β)|a|α−1p χp(a), |a|p > p. (12.27)∫
Sγ
|x− a|α−1p χp(x− a)dpx = Γp(α),
|a|p = pγ , γ > 2,Reα > 0. (12.28)
Let n ∈ Z+ be not divisible by p and P be a polynom of degree n,
P (x) = α1x+ α2x
2 + . . .+ αnx
n, |αk|p 6 1, k = 1, 2, . . . , n− 1, |αn|p = 1.
∫
Sγ
χp[P (x)]dpx = (1− 1/p)pγ , γ 6 0, n ∈ Z+ [2a)]. (12.29)
= 0, γ = 2, 3, . . . , n ∈ Z+ γ = 1, n = 2, 3, . . . [2a)]. (12.30)
= −1, γ = 1, n = 1 [2a)]. (12.31)
∫
Bγ
χp[P (x)]dpx = p
γ , γ 6 0, n ∈ Z+. (12.32)
= 1, γ = 2, 3, . . . , n ∈ Z+ γ = 1, n = 2, 3, . . . . (12.33)
= 0, γ ∈ Z+, n = 1. (12.34)
54 ∫
χp[P (x)]dpx = 1, n = 2, 3, . . . . (12.35)
= 0, n = 1. (12.36)
Let (complex) numbers η1, η2, . . . , ηp−1 be such that
p−1∑
k=1
ηk = 0, p 6= 2,
and numbers η′1, η
′
2, . . . , η
′
p−1 are mutual to {ηk}, k = 1, 2, . . . , p− 1,
η′j =
p−1∑
k=1
ηk exp(2πikj/p),
p−1∑
j=1
η′j = 0.
∫
Sγ
ηx0χp(ξx)dpx = p
γ−1η′ξ0δ(|ξ|p − p1−γ) [2b)]. (12.37)
∫
Bγ
|x|α−1p χp(ξx)dpx, Reα > 0
=
1− p−1
1− p−α p
αγ , |ξ|p 6 p−γ . (12.38)
= Γp(α)|ξ|−αp , |ξ|p > p−γ [1a)]. (12.39)
= Γp(α), ξ = 1, γ > 1 [2e)]. (12.40)∫
S0
δ(x0 − k)χp(ξx)dpx
= p−1χp(kξ)Ω(|pξ|p), k = 1, 2, . . . , p− 1. (12.41)∫
δ(x0 − k)χp(ξx)dpx
= |ξ|−1p
( 1
p− 1 + χp(kξ0/p)
)
, ξ 6= 0, k = 1, 2, . . . , p− 1. (12.42)∫
B1
χp[(k − ξ)x]dpx = pδ(|ξ|p − 1)δ(ξ0 − k), k = 1, 2, . . . , p− 1. (12.43)∫
S0
δ(x1 − k)χp(ξx)dpx = 1/p(1− 1/p)Ω(|ξ|p)− p−2δ(|ξ|p − p)
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+p−2
χp(ξ)− χp(pξ)
1− χp(ξ) χp(kpξ)δ(|ξ|p − p
2), k = 0, 1, . . . , p− 1. (12.44)
∫
δ(x1 − k)χp(ξx)dpx
= |ξ|−1p
χp(p
−2|ξ|pξ)− χp(p−1ξ0)
1− χp(p−1ξ0) χp(kp
−1ξ0),
ξ 6= 0, p = 0, 1, . . . , p− 1. (12.45)∫
S0
δ(x2 − k)χp(ξx)dpx = 1/p(1− 1/p)Ω(|ξ|p)− p−2δ(|ξ|p − p)
+p−3
χp(ξ)− χp(pξ)
1− χp(ξ)
χp(kp
2ξ)− χp((k + 1)p2ξ)
1− χp(pξ) δ(|ξ|p − p
3),
k = 0, 1, . . . , p− 1. (12.46)∫
δ(x2 − k)χp(ξx)dpx
= |ξ|−1p
χp(p
−3|ξ|pξ)− χp(p−2|ξ|pξ)
1− χp(p−3|ξ|pξ)
χp(kp
−1ξ0)− χp((k + 1)p−1ξ0)
1− χp(p−2|ξ|pξ) ,
ξ 6= 0, k = 0, 1, . . . , p− 1. (12.47)∫
|x,m|α−1p χp(ξx)dpx
= Γp(α)
(|ξ|−αp − |pm|αp )Ω(|mξ|p), m 6= 0,Reα < 0 [9a)]. (12.48)∫
|x, 1|−αp χp(ξx)dpx
= Γp(1− α)(|ξ|α−1p − pα−1)Ω(|ξ|p) ≡ Jαp (ξ), Reα > 0. (12.49)
J1p (ξ) = (1− 1/p)
(
1− ln |ξ|p
ln p
)
Ω(|ξ|p), α = 1. (12.50)∫
Jαp (ξ)J
β
p (x− ξ)dpξ = Jαp ∗ Jβp = Jα+βp , α, β ∈ C. (12.51)
ln |x, 1|p =
∫ (
1− Reχp(xξ)
)
dσ(ξ)
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= ln p
∞∑
γ=0
pγΩ(pγ |ξ|p), dσ(ξ) > 0. (12.52)
∫
B−1\B−2n
λ2p(x)|x|−1p χp(ξx)dpx, n ∈ Z+
= (1− 1/p)(2n− 1), ξ = 0 γ(ξ) 6 1, p ≡ 1(mod 4) [1b)].(12.53)
= (1− 1/p)(2n− γ(ξ))− 1/p,
2 6 γ(ξ) 6 2n, p ≡ 1(mod 4) [1b)]. (12.54)
= 1− 1/p, ξ = 0 γ(ξ) 6 1, p ≡ 3(mod 4) [1b)]. (12.55)
= 1/2(−1)γ(ξ)(1 + 1/p)− 1/2(1− 1/p),
2 6 γ(ξ) 6 2n, p ≡ 3(mod 4) [1b)]. (12.56)∫
B−1
λ2p(x)|x|−1p χp(ξx)dpx
= 1− 1/p, ξ = 0 γ(ξ) 6 1, p ≡ 3(mod 4) [1b)]. (12.57)
= 1/2(−1)γ(ξ)(1 + 1/p)− 1/2(1− 1/p),
γ(ξ) > 2, p ≡ 3(mod 4) [1b)]. (12.58)
∫
B−2\B−2n
λ22(x)|x|−12 χ2(ξx)d2x, n = 2, 3, . . .
= 0, γ(ξ) 6 3 [1b)]. (12.59)
= 1/4(−1)ξ1+1, γ(ξ) > 4 [1b)]. (12.60)
∫
B−2
λ22(x)|x|−12 χ2(ξx)d2x = 0, ξ = 0 or γ(ξ) 6 3 [1b)]. (12.61)
= 1/2(−1)ξ1+1, γ(ξ) > 4 [1b)]. (12.62)
∫
sgnp,dx|x|α−1p χp(ξx)dpx, d 6∈ Q×2p
= Γ˜p(α)sgnp,dξ|ξ|−αp , |d|p = 1,Reα > 0 [4]. (12.63)
= ±pα−1/2
√
sgnp,d(−1)sgnp,dξ|ξ|−αp , |d|p = 1/p, α ∈ C [4].(12.64)
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Let ε = ±be.∫
Sγ
λp(x)χp(εξx)dpx [1b)], [15]
= pγ(1− 1/p), |ξ|p 6 p−γ , γ = 2k. (12.65)
= 0, |ξ|p 6 p−γ , γ = 2k + 1. (12.66)
= −pγ−1, |ξ|p = p−γ+1, γ = 2k. (12.67)
=
(ξ0
p
)
pγ−1/2, |ξ|p 6 p−γ+1, γ = 2k + 1, p ≡ 1(mod 4). (12.68)
= −ε
(ξ0
p
)
pγ−1/2, |ξ|p 6 p−γ+1, γ = 2k + 1, p ≡ 3(mod 4). (12.69)
= 0, |ξ|p > p−γ+2. (12.70)∫
Sγ
λ2(x)χ2(εξx)d2x [10b)], [15]
= 2γ−3/2, |ξ|2 6 2−γ , γ = 2k. (12.71)
= 0, |ξ|2 6 2−γ , γ = 2k + 1. (12.72)
= −2γ−3/2, |ξ|2 = 2−γ+1, γ = 2k. (12.73)
= 0, |ξ|2 = 2−γ+1, γ = 2k + 1. (12.74)
= −ε(−1)ξ12γ−3/2, |ξ|2 = 2−γ+2, γ = 2k. (12.75)
= 0, |ξ|2 = 2−γ+2, γ = 2k + 1. (12.76)
= 0, |ξ|2 > 2−γ+3, γ = 2k. (12.77)
= iξ1(−1)ξ22γ−3(1 + i)(1 + iε)[1− ε(−1)ξ1 ],
|ξ|2 = 2−γ+3, γ = 2k + 1. (12.78)
= 0, |ξ|2 > 2−γ+4, γ = 2k + 1. (12.79)∫
|x|p>1
λp(x)|x|α−1p χp(εξ2x)dpx = 0, |ξ|p > p, p 6= 2. (12.80)
= (1− 1/p)1− p
2α|ξ|−2αp
1− p2α + p
α−1/2|ξ|−2αp ,
|ξ|p 6 1, p ≡ 1(mod 4). (12.81)
= (1− 1/p)1− p
2α|ξ|−2αp
1− p2α − εp
α−1/2|ξ|−2αp ,
|ξ|p 6 1, p ≡ 3(mod 4). (12.82)
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|x|p>1
λp(x)|x|−3/2p χp(−ξ2x)dpx = Ω(|ξ|p), p 6= 2 [15]. (12.83)∫
|x|2>4
λ2(x)|x|−3/2p χp(−ξ2x)d2x =
√
2Ω(|ξ|p), p = 2 [15]. (12.84)
§13. The Gaussian integrals
The Gaussian integral is called an integral of the form∫
f(x)χp(ax
2 + bx)dpx, a ∈ Q×p , b ∈ Qp.
Various formulae for the Gaussian integrals are contained in [2a)],[6]–[8],
[10b)]. The most full lists of them are collected in [1a)],[1b)]. Here
ǫ = ε0 + ε1p+ ε2p
2 + . . . .∫
Sγ
χp[ǫ(x− y)2]dpy
= pγχp(ǫx
2)
[
(1− 1/p)Ω(pγ |x|p)− 1/pδ(|x|p − p1−γ)
]
,
γ 6 0, p 6= 2. (13.1)
= δ(|x|p − pγ), γ > 1, p 6= 2. (13.2)
= 2γ−1χ2(ǫx
2)
[
Ω(2γ−1|x|2)− δ(|x|2 − 22−γ)
]
, γ 6 0, p = 2. (13.3)
= [
√
2λ2(ǫ)− 1]Ω(|x|2) + δ(|x|2 − 2), γ = 1, p = 2. (13.4)
=
√
2λ2(ǫ)δ(|x|2 − 2γ), γ > 2, p = 2. (13.5)∫
Sγ
χp[ǫp(x− y)2]dpy
= pγχp(ǫpx
2)
[
(1− 1/p)Ω(p1−γ |x|p)
− 1/pδ(|x|p − p2−γ)
]
, γ 6 0, p 6= 2. (13.6)
= [
√
pλp(ǫp)− χp(ǫpx2)]Ω(|px|p), γ = 1, p 6= 2. (13.7)
=
√
pλp(ǫp)δ(|x|p − pγ), γ > 2, p 6= 2. (13.8)
= 2γ−1χ2(2ǫx
2)[Ω(2γ−2|x|2)− δ(|x|2 − 23−γ)], γ 6 0, p = 2. (13.9)
= −Ω(|x|2) + δ(|x|2 − 2) + λ2(2ǫ)δ(|x|2 − 4), γ = 1, p = 2. (13.10)
= 2λ2(2ǫ)Ω(|2x|2), γ = 2, p = 2. (13.11)
= 2λ2(2ǫ)δ(|x|2 − 2γ), γ > 3, p = 2. (13.12)
59∫
Sγ
χp(ax
2 + ξx)dpx
= λp(a)|2a|−1/2p χp
(−ξ2/4a)δ(|ξ/2a|p − pγ),
|4a|p > p2−2γ . (13.13)
= |2a|−1/2p
[
λp(a)χp
(−ξ2/4a)− 1√
p
]
Ω(p1−γ |ξ|p),
|a|p = p1−2γ. (13.14)
∫
Bγ
χp(ax
2 + ξx)dpx = p
γΩ(pγ |ξ|p), |a|pp2γ 6 1. (13.15)
= λp(a)|2a|−1/2p χp
(−ξ2/4a)Ω((p−γ |ξ/2a|p), |4a|pp2γ > 1. (13.16)
= 2γλ2(a)χ2
(−ξ2/4a)δ(|ξ|2 − 21−γ), |a|222γ = 2, p = 2. (13.17)
= 2γ−1/2λ2(a)χ2
(−ξ2/4a)Ω(2γ |ξ|2), |a|222γ = 4, p = 2. (13.18)
∫
χp(ax
2 + ξx)dpx, a 6= 0
= λp(a)|2a|−1/2p χp
(−ξ2/4a). (13.19)
= χp(−ξ2/2), a = 1/2, p 6= 2. (13.20)
= exp(iπ/4)χp(−ξ2/2), a = 1/2, p = 2. (13.21)
∫
exp (−|y|2p)χp[a(x− y)2]dpy, a 6= 0, γ = γ(a)
= |a|−1/2p S(|a|−1p , 1/p), |x|p
√
|a|p 6 1, γ = 2k, p 6= 2. (13.22)
= 1/
√
p|a|−1/2p S(1/p|a|−1p , 1/p) + [λp(a)− 1/
√
p]|a|−1/2p exp(−|pa|−1p ),
|x|p
√
p|a|p 6 1, γ = 2k + 1, p 6= 2. (13.23)
= λp(a)|a|−1/2p exp(−|x|2p) + |ax|−1p χp(ax2)[S(|ax|−2p , 1/p)
− exp(−|pax|−2p )], |x|p
√
|a|p > √p, p 6= 2. (13.24)
= [
√
2λ2(a)− 1]|a|−1/22 exp(−|4a|−12 ) + |a|−1/22 S(|a|−12 , 1/2),
|x|2
√
|a|2 6 1, γ = 2k, p = 2. (13.25)
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= |a|−1/22 exp(−|4a|−12 ) + [
√
2λ2(a)− 1]|a|−1/22 S(|a|−12 , 1/2),
|x|2
√
|a|2 = 2, γ = 2k, p = 2. (13.26)
= (2|a|2)−1/2S((2|a|2)−1, 1/2)− (2|a|2)−1/2 exp(−|2a|−12 )
+ λ2(a)|2a|−1/22 exp(−|8a|−12 ),
|x|2
√
2|a|2 6 1, γ = 2k + 1, p = 2. (13.27)
= |2a|−1/22 S(|2a|−12 , 1/2) + λ2(a)|2a|−1/22 exp(−|8a|−12 ),
|x|2
√
|a|2 =
√
2, γ = 2k + 1, p = 2. (13.28)
= λ2(a)(2|a|2)−1/2S(|2a|−12 , 1/2),
|x|2
√
|a|2 = 2
√
2, γ = 2k + 1, p = 2. (13.29)
= λ2(a)|2a|−1/22 exp(−|x|22) + |2ax|−12 χ2(ax2)[S(|2ax|−22 , 1/2)
− 2 exp(−|4ax|−22 )], |x|2
√
|a|2 > 2, p = 2. (13.30)
∼ p
4 + p3
p2 + p+ 1
|2ax|−3p χp(ax2) +O(|x|−5p ), |x|p →∞. (13.31)
∼ |a|−1/2p S(|a|−1p , p−1) +O[|a|−1/2p exp(−|p2a|−1p )],
|a|p → 0, γ = 2k. (13.32)
∼ (p|a|p)−1/2S((p|a|p)−1, p−1) +O[|a|−1/2p exp(−|pa|−1p )],
|a|p → 0, γ = 2k + 1. (13.33)
Here
S(α, q) = (1− q)
∞∑
k=0
(−α)k
k!(1− q2k+1) , |q| < 1, α ∈ C.
This function satisfies the relation
S(αq2, q) = 1/qS(α, q) + (1− 1/q)e−α. (13.34)
§14. Two variables
∫
B2
0
d2px = 1. (14.1)∫
B2γ
d2px = p
2γ . (14.2)
61∫
S2γ
d2px = (1− p−2)p2γ . (14.3)
∫
B2γ
f(|x|p)d2px = (1− p−2)
γ∑
k=−∞
p2kf(pk). (14.4)
∫
f(|x|p)d2px = (1− p−2)
∞∑
k=−∞
p2kf(pk). (14.5)
∫
B2γ
|x|α−2p d2px =
1− p−2
1− p−α p
αγ , Reα > 0. (14.6)
∫
S2γ
|x|α−2p d2px = (1− p−2)pαγ . (14.7)
∫
B2γ
|(x, x)|α−1p χp((ξ, x))d2px, Reα > 0, |(ξ, ξ)|p > p−γ
= Γ2p(α)|(ξ, ξ)|−αp , p ≡ 1(mod 4) [3a)]. (14.8)
= Γp(α)Γ˜p(α)|(ξ, ξ)|−αp , p ≡ 3(mod 4) [3a)]. (14.9)
∫
|(x, x)|α−1p χp((ξ, x))d2px, Reα > 0, (ξ, ξ) 6= 0
= Γ2p(α)|(ξ, ξ)|−αp , p ≡ 1(mod 4) [3a)]. (14.10)
= Γp(α)Γ˜p(α)|(ξ, ξ)|−αp , p ≡ 3(mod 4) [3a)]. (14.11)
∫
f((x, x))χp((ξ, x))d
2
px, (ξ, ξ) 6= 0
= |(ξ, ξ)|−1p
[
(1− p−2)
∞∑
γ=0
p−2γf(p−2γ |(ξ, ξ)|−1p )− f(p2|(ξ, ξ)|−1p )
]
,
p ≡ 3(mod 4)[1a)]. (14.12)
= |(ξ, ξ)|−1p
[
(1− 1/p)−2
∞∑
γ=0
(
γ +
p− 3
p− 1
)
p−γf(p−γ |(ξ, ξ)|−1p )
− 2(1− 1/p)f(p|(ξ, ξ)|−1p ) + f(p2|(ξ, ξ)|−1p )
]
,
p ≡ 1(mod 4) [1a)]. (14.13)
62 ∫
χp((ξ, x))
|(x, x)|p +m2 d
2
px, m 6= 0, (ξ, ξ) 6= 0
=
1− p−2
p2 +m2|(ξ, ξ)|p
∞∑
γ=0
p2 − p−2γ
1 + pγm2|(ξ, ξ)|p
=
∞∑
γ=0
1
1 + p2γm2|(ξ, ξ)|p −
1
p2 + p2γm2|(ξ, ξ)|p ,
p ≡ 3(mod 4) [1a)], [3a)]. (14.14)
= (1− 1/p)2
∞∑
γ=0
(
γ +
p− 3
p− 1
) 1
1 + pγm2|(ξ, ξ)|p
−2(1− 1/p) 1
p+m2|(ξ, ξ)|p +
1
p2 +m2|(ξ, ξ)|p
=
∞∑
γ=0
(γ + 1)
( 1
1 + pγm2|(ξ, ξ)|p −
2
p+ pγm2|(ξ, ξ)|p
+
1
p2 + pγm2|(ξ, ξ)|p
)
, p ≡ 1(mod 4) [3a)]. (14.15)
∼ p
4
p2 + 1
m−4|(ξ, ξ)|−2p , |(ξ, ξ)|p →∞, ≡ 3(mod 4) [1a)], [3a)]. (14.16)
∼ − p
4
(p+ 1)2
m−4|(ξ, ξ)|−2p , |(ξ, ξ)|p →∞, p ≡ 1(mod 4) [3a)]. (14.17)∫
|x|α−1p |1− x|β−1p |x− y|γp |y|α
′−1
p |1− y|β
′−1
p dpxdpy
= Γp(γ)
∫
|t|2−α−β−α′−β′p Bp(t;α, β)Bp(−t;α′, β′)dpt
= Bp(α, β)Bp(α
′, β′)+Bp(α, β)Bp(γ, α
′+β′−1)+Bp(α′, β′)Bp(γ, α+β−1)
+Bp(α+β−1, α′+β′−1)Bp(γ, 3−α−β−α′−β′)−Bp(α, α′)Bp(γ, α+α′)
−Bp(β, β′)Bp(γ, β + β′) + Γp(γ)p−γ
{
[Γp(α+ β − 1)p1−α−β +Bp(α, β)]
×[Γp(α′ + β′ − 1)p1−α′−β′ +Bp(α′, β′)]− [Γp(α)p−α + Γp(β)p−β ]
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×[Γp(α′)p−α
′
+ Γp(β
′)p−β
′
]
}
,
Reα > 0,Reβ > 0,Re γ > 0,Reα′ > 0,Reβ′ > 0. (14.18)
Here
Bp(t;α, β) =
∫
|x|α−1p |t− x|β−1p χp(x)dpx, Bp(1;α, β) = Bp(α, β).
Below in formulas (14.19)–(14.29) we use the notations for the field
Qp(
√
d), d /∈ Q×2p (see §9). In particular, (see (9.2) and (9.6))
B2γ = [z ∈ Qp(
√
d) : |zz¯|p 6 qγ ]; αk = 2kπi/ln q, k ∈ Z.∫
B2
0
dpz = 1. (14.19)∫
B2
0
|zz¯|α−1p dpz =
1− q−1
1− q−α , Reα > 0. (14.20)∫
B2γ
|zz¯|α−1p dpz =
1− q−1
1− q−α q
αγ , Reα > 0. (14.21)
∫
B2
0
f(zz¯)dpz =
1
Cp,d
∫
B0
f(x)θ+d (x)dpx, p 6= 2 [4] (14.22)
where quantity Cp,d is defined in (9.16) and (9.17).
δ
√
|4d|p
∫
|zz¯|α−1p χp(zζ + z¯ζ¯)dpz, Reα > 0
= Γp,d(α)|ζζ¯ |−αp , ζ 6= 0 [2a)]. (14.23)
= Γp,d(α), ζ = 1. (14.24)
δ
√
|4d|p
∫
B2γ
|zz¯|α−1p χp(z + z¯)dpz = Γp,d(α),
Reα > 0, γ > 1 [2a)]. (14.25)∫
|ζζ¯|α−1p |(z − ζ)(z¯ − ζ¯)|β−1p dpζ, Reα > 0,Reβ > 0,Re(α+ β) < 1
= Bq(α, β)|zz¯|α+β−1p , z 6= 0 [2a)]. (14.26)
= Bq(α, β), z = 1. (14.27)
64 ∫
χp(ξzz¯)dpz, ξ 6= 0, p 6= 2
=
sgnp,d ξ
|ξ|p , |d|p = 1, d /∈ Q
×2
p [4]. (14.28)
= ±
√
psgnp,d(−1)
sgnp,dξ
|ξ|p , |d|p = 1/p [4]. (14.29)
§15. n-Variables
∫
Bn
0
dnpx = 1. (15.1)∫
Sn
0
dnpx = 1− p−n. (15.2)∫
Bnγ
dnpx = p
nγ . (15.3)
∫
Snγ
dnpx = (1− p−n)pnγ . (15.4)
∫
Bnγ
f(|x|p)dnpx = (1− p−n)
γ∑
k=−∞
pnkf(pk). (15.5)
∫
f(|x|p)dnpx = (1− p−n)
∞∑
k=−∞
pnkf(pk). (15.6)
∫
Bnγ
|x|α−np dnpx =
1− p−n
1− p−α p
αγ , Reα > 0. (15.7)
∫
Snγ
|x|α−np dnpx = (1− p−n)pαγ . (15.8)
∫
|x|p>pγ
|x|α−np dnpx = −
1− p−n
1− p−α p
γα,Reα < 0. (15.9)
∫
Snγ
χp((ξ, x))d
n
px
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= (1− p−n)pγnΩ(pγ |ξ|p)− p(γ−1)nδ(|ξ|p − p1−γ) [12], [2a)]. (15.10)∫
Bnγ
χp((ξ, x))d
n
px = p
γnΩ(pγ |ξ|p) [12], [2a)]. (15.11)
∫
Bnγ
|(x, x)|α−n/2p χp((ξ, x))dnpx, |(ξ, ξ)|p > p−γ ,Reα > 0
= Γp(α− n/2 + 1)Γp(α)|(ξ, ξ)|−αp , n ≡ 0(mod 4),
p 6= 2 or n ≡ 2(mod 4), p ≡ 1(mod 4) [3b)]. (15.12)
= (−1)γ((ξ,ξ))Γp(α− n/2 + 1)Γ˜p(α)|(ξ, ξ)|−αp ,
n ≡ 2(mod 4), p ≡ 3(mod 4) [3b)]. (15.13)
∫
|(x, x)|α−n/2p χp((ξ, x))dnp , (ξ, ξ) 6= 0,Reα > 0
= Γp(α− n/2 + 1)Γp(α)|(ξ, ξ)|−αp ,
n ≡ 0(mod 4), p 6= 2 n ≡ 2(mod 4), p ≡ 1(mod 4) [3b)]. (15.14)
= (−1)γ((ξ,ξ))Γp(α− n/2 + 1)Γ˜p(α)|(ξ, ξ)|−αp ,
n ≡ 2(mod 4), p ≡ 3(mod 4) [3b)]. (15.15)∫
Bnγ
|x|α−np χp(x1)dnpx = Γ(n)p (α), Reα > 0, γ > 1. (15.16)∫
|x|α−np χp(x1)dnpx = Γ(n)p (α), Reα > 0. (15.17)∫
|x|α−np χp((ξ, x))dnpx = Γ(n)p (α)|ξ|−αp , Reα > 0, ξ 6= 0. (15.18)∫
|x,m|α−np χp((ξ, x))dnpx
= Γ(n)p (α)
(|ξ|−αp − |pm|αp )Ω(|mξ|p), m 6= 0 [1a)], [9a)]. (15.19)∫
|x, 1|−αp χp((ξ, x))dnpx
= Γ(n)p (n− α)(|ξ|α−np − pα−n)Ω(|ξ|p) ≡ Jαp (ξ), Reα > n. (15.20)
Jnp (ξ) = (1− p−n)
(
1− ln |ξ|p/ln p
)
Ω(|ξ|p), α = n. (15.21)
66 ∫
Jαp (ξ)J
β
p (x− ξ)dnp ξ = Jαp ∗ Jβp = Jα+βp , α, β ∈ C. (15.22)∫
|x|α−np |ε− x|β−np dnpx = B(n)p (α, β),
Reα > 0,Reβ > 0,Re(α+ β) < n, |ε|p = 1. (15.23)∫
|y|α−np |x− y|β−np dnpy = B(n)p (α, β)|x|α+β−np ,
Reα > 0,Reβ > 0,Re(α+ β) < n [1a)], [9a)]. (15.24)∫
|y,m|α−np |x− y,m|β−np dnpy = B(n)p (α, β)|x,m|α+β−np
−Γ(n)p (α)|pm|αp |x,m|β−np − Γ(n)p (α)|pm|βp |x,m|α−np ,
Re(α+ β) < n,m 6= 0 [9a)]. (15.25)∫
Qn−1p
χp
{n−1∑
k=0
(2xkxk+1
sin tk
− x
2
k + x
2
k+1
tg tk
)}
dpx1dpx2 . . . dpxn−1
=
λp(Tn)√|Tn|p
n−1∏
k=0
√|tk|p
λp(tk)
χp
(2x0xn
sinTn
− x
2 + x2n
tgTn
)
,
n = 2, 3, . . . , p 6= 2, |tk|p 6 1/p, k = 0, 1, . . . , n− 1, Tn =
n−1∑
k=0
tk [9a)].
(15.26)
Let xi ∈ Qnp , |xi|p = 1, i = 1, 2, . . . , k < pn |xi − xj |p = 1, i, j =
1, 2, . . . , i 6= j. Denote
Dnk = [x ∈ Qnp : |x− xi|p = 1, i = 1, 2, . . . , k].∫
Dn
k
dnpx = 1− kp−n, k 6 pn, p 6= 2 [9b)]. (15.27)
Let Gnk = [(x1, x2, . . . , xk) ∈ Qknp : |xi|p = 1, |xi − xj |p = 1, i, j =
1, 2, . . . , k, i 6= j].
∫
Gn
k
dnpx1d
n
px2 . . . d
n
pxk =
k∏
ℓ=1
(1− ℓp−n) = cnp,k,
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k 6 pn, p 6= 2 [9b)]. (15.28)
Let x0 ∈ Qnp , |x0|p = 1 Gnk (x0) = [(x1, . . . , xk) ∈ Qknp : |xi|p = 1, i =
0, 1, . . . , k, |xi − xj |p = 1, i, j = 0, 1, . . . , k, i 6= j],∫
Gn
k
(x0)
dnpx1d
n
px2 . . . d
n
pxk =
1− (k + 1)p−n
1− p−n c
n
k,p,
k + 1 6 pn, p 6= 2 [9b)]. (15.29)
The Missarov–Lerner integral [12],[17]. Let G be a connected finite
graph, V = V (G) and L = L(G) are sets of its vertices and edges respec-
tively. To every line l ∈ L we associate a complex number al, and denote
the set a = {al, l ∈ L}. To every vertex v ∈ V we associate n-dimensional
p-adic vector xv = (xv1, xv2, . . . , xvn) ∈ Qnp . On the set of vertices V we
introduce a hierarchy A by the following way. The hierarchy is a family of
subsets of the set V such that: 1)V ∈ A, 2)v ∈ A for all v ∈ V and 3)for
any pairs V ′ ∈ A, V ′′ ∈ A either V ′ ∩ V ′′ = ∨ or V ′ ∈ V ′′ or V ′′ ∈ V ′. For
any V ′ ∈ A, V ′ 6= V we denote by θ(V ′) a minimal subset in A containing
V ′ but not coinciding with it. Let K(V ′) = [V ′′ ∈ A : θ(V ′′) = V ′]. We
consider only such hierarchies A for which
1 < |K(V ′)| 6 pn, V ′ ∈ A′, where A′ = [V ′ ∈ A : |V ′| > 1].
Denote
a(V ′) =
∑
l∈L(G(V ′))
al, β(V
′) = a(V ′) + n(|V ′| − 1)
where L(G(V ′)) is the set of edges {l} of the graph G beginning i(l) and end
f(l) of which lay in V ′ ⊂ V = V (G). By the condition β(V ′) > 0, V ′ ∈ A′
the following equality is valid
FG(a) ≡
∫
Z
n|V |
p
∏
l∈L
|xi(l) − xf(l)|alp
∏
v∈V
dnpxv
= pa(V )
∑
A
∏
V ′∈A′
1
pβ(V ′) − 1
(pn − 1)!
(pn − |K(V ′)|! (15.30)
where the summing is taken over all hierarchies A. (Simbol |V | denotes a
number of elements of the set V .) Evaluation of various Feynman integrals
is reduced to the integral FG(a) [12].
68
§16. Integrals and convolutions of generalized functions
Integral (see §6) of a generalized function f ∈ S′(O) on a clopen set
D ∈ O ∈ Qnp is called the limit (if it exists!)
G
∫
D
f(x)dnpx = lim
k→∞
(fθD,Ωk).
Integrals of generalized functions are contained also in §§12–15 and in §17.
G
∫
Bn
0
dnpx = 1. (16.1)
G
∫
Bnγ
dnpx = p
γn. (16.2)
G
∫
Snγ
dnpx = (1− p−n)pγn. (16.3)
G
∫
f(x)dnpx =
∫
f(x)dnpx, f ∈ L1. (16.4)
G
∫
f(x)dnpx = lim
γ→∞
∫
Bnγ
f(x)dnpx, f ∈ L1loc. (16.5)
G
∫
D
f(x)dnpx =
∫
D
f(x)dnpx, f ∈ L1(D). (16.6)
G
∫
f(x)dnpx = lim
γ→∞
∫
Bnγ
f(x)dnpx, f ∈ Lp. (16.7)
G
∫
f(x)dnpx = (f,ΩN ), f ∈ S′, spt ∈ BnN . (16.8)
G
∫
D
f(x)dnpx = (f, θD), f ∈ S′(O) (16.9)
where D is an open compact in O.
G
∫
f(x)dnpx = lim
γ→∞
(f,Ωγ), f ∈ S′. (16.10)
G
∫
δ(x)dnpx = 1. (16.11)
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G
∫
Sγ
π(x)dpx = 0, π 6≡ 1, α ∈ C ( cf. (11.40)). (16.12)
G
∫
Bγ
|x|α−1p π(x)dpx = 0, π 6≡ 1, α ∈ C. (16.13)
G
∫
|x|α−1p π(x)dpx = 0, π 6≡ 1, α ∈ C. (16.14)
G
∫
Bγ
|x|α−1p dpx =
1− p−1
1− p−α p
αγ ,
α 6= αk, k ∈ Z ( cf. (11.18)). (16.15)
G
∫
|x|α−1p dpx = 0, α 6= αk, k ∈ Z ( cf. (11.18)). (16.16)
G
∫
Sγ
|x− a|α−1p dpx =
p− 2 + p−α
p(1− p−α) |a|
α
p ,
|a|p = pγ , α 6= αk, k ∈ Z ( cf. (11.20)). (16.17)
G
∫
Bγ
|x2 + a2|(α−1)/2p dpx =
1− pα−1
1− pα |a|
α
p +
1− p−1
1− p−α p
αγ ,
0 6= |a|p 6 pγ , α 6= αk, k ∈ Z, p ≡ 3(mod 4) ( cf. (11.28)). (16.18)
G
∫
|x2 + a2|(α−1)/2p dpx =
1− pα−1
1− pα |a|
α
p ,
a 6= 0, α 6= αk, k ∈ Z, p ≡ 3(mod 4) ( cf. (11.30)). (16.19)
G
∫
Bγ
|x2 + a2|α−1p dpx
=
[
1− 2/p+ (1− 1/p)
( 2
pα − 1 +
1
p1−2α − 1
)]
|a|2α−1p −
(1− 1/p)p(2α−1)γ
1− p2α−1 ,
0 6= |a|p 6 pγ , α 6= {αk, (1− αk)/2, k ∈ Z}, p ≡ 1(mod 4). (16.20)
G
∫
|x2 + a2|α−1p dpx
=
[
1− 2/p+ (1− 1/p)
( 2
pα − 1 +
1
p1−2α − 1
)]
|a|2α−1p ,
α 6= {αk, (1− ak)/2, k ∈ Z}, a 6= 0, p ≡ 1(mod 4) ( cf. (11.31)). (16.21)
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G
∫
S0
|x2 + 1|α−1p dpx = 1− 3/p− 2
1− p−1
1− pα ,
α 6= αk, k ∈ Z, p ≡ 1(mod 4) ( cf. (11.32)). (16.22)
|x|α−1p ∗ |x|β−1p = Bp(α, β)|x|α+β−1p ,
(α, β) 6= (αk, αj), (k, j) ∈ Z2. (16.23)
G
∫
|x|α−1p |1− x|β−1p dpx = Bp(α, β),
(α, β) 6= (αk, αj), (k, j) ∈ Z2. (16.24)
|x,m|α−1p ∗ |x,m|β−1p = Bp(α, β)|x,m|α+β−1p
−Γp(α)|pm|αp |x,m|β−1p − Γp(β)|pm|βp |x,m|α−1p ,
m 6= 0, (α, β) 6= (αk, αj), (k, j) ∈ Z2 ( cf. (11.68)). (16.25)
G
∫
|x,m|α−1p χp(ξx)dpx
= Γp(α)(|ξ|−αp − |pm|αp )Ω(|mξ|p),
m 6= 0, α ∈ C ( see (12.48)). (16.26)
G
∫
Sγ
δ(x0 − k)dpx = pγ−1, k = 1, 2, . . . , p− 1 ( see (11.33)). (16.27)
G
∫
Sγ
[1− δ(x0 − k)]dpx = (1− 2/p)pγ ,
k = 1, 2, . . . , p− 1 ( see (11.34)). (16.28)
G
∫
Sγ
δ(xn − k)dpx = (1− 1/p)pγ−1,
k = 0, 1, . . . , p− 1, n ∈ Z+ ( see (11.35)). (16.29)
G
∫
Sγ
[1− δ(xn − k)]dpx = (1− 1/p)2pγ ,
k = 0, 1, . . . , p− 1, n ∈ Z+ ( see (11.36)). (16.30)
G
∫
Sγ
δ(x0 − k0)
n∏
l=1
δ(xl − kl) = pγ−n−1,
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kl = 0, 1, . . . , p− 1, k0 6= 0, n = 0, 1, . . . ( see (11.37)). (16.31)
G
∫
Sγ
[
1− δ(x0 − k0)
n∏
l=1
δ(xl − kl)
]
= (1− p−1 − p−n−1)pγ ,
kl = 0, 1, . . . , p− 1, k0 6= 0, n = 0, 1, . . . ( see (11.38)). (16.32)
G
∫
Sγ
( n∏
l=1
δ(xl − kl)
)
dpx = (1− 1/p)pγ−n,
kl = 0, 1, . . . , p− 1, n ∈ Z+. (16.33)
G
∫
Sγ
[
1−
n∏
l=1
δ(xil − kil)
]
dpx = (1− 1/p)(1 − p−n)pγ ,
kl = 0, 1, . . . , p− 1, n ∈ Z+. (16.34)
G
∫
Snγ
|x|α−np dnpx = (1− p−n)pαγ , α ∈ C ( see (15.8)). (16.35)
G
∫
Bnγ
|x|α−np dnpx =
1− p−n
1− p−α p
αγ , α 6= αk, k ∈ Z ( cf. (15.7)). (16.36)
G
∫
|x|α−np dnpx = 0, α 6= αk, k ∈ Z, n ∈ Z+. (16.37)
G
∫
Bnγ
|(x, x)|α−n/2p χp((ξ, x))dnpx, |(ξ, ξ)|p > pγ
= Γp(α− n/2 + 1)Γp(α)|(ξ, ξ)|−αp , α 6= {αk, αk + n/2− 1, k ∈ Z},
n ≡ 0(mod 4), p 6= 2 or n ≡ 2(mod 4), p ≡ 1(mod 4). (16.38)
= (−1)γ((ξ,ξ))Γp(α− n/2 + 1)Γ˜p(α)|(ξ, ξ)|−αp ,
α 6= {αk − πi/ln p, αk + n/2− 1, k ∈ Z},
n ≡ 2(mod 4), p ≡ 3(mod 4) ( cf. (15.13)). (16.39)
= Γ2p(α)|(ξ, ξ)|−αp , α 6= αk, k ∈ Z, n = 2, p ≡ 1(mod 4). (16.40)
= Γp(α)Γ˜p(α)|(ξ, ξ)|−αp , α 6= {αk, αk − πi/ln p, k ∈ Z},
n = 2, p ≡ 3(mod 4) ( see (14.9)). (16.41)
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G
∫
|(x, x)|α−n/2p χp((ξ, x))dnpx, (ξ, ξ) 6= 0
= Γp(α− n/2 + 1)Γp(α)|(ξ, ξ)|−αp ,
α 6= {αk, αk + n/2− 1, k ∈ Z},
n ≡ 0(mod 4), p 6= 2 or n ≡ 2(mod 4), p ≡ 1(mod 4). (16.42)
= (−1)γ((ξ,ξ))Γp(α− n/2 + 1)Γ˜p(α)|(ξ, ξ)|−αp ,
α 6= {αk − πi/ln p, αk + n/2− 1, k ∈ Z},
n ≡ 2(mod 4), p ≡ 3(mod 4) ( see (15.15)). (16.43)
= Γ2p(α)|(ξ, ξ)|−αp , α 6= αk, k ∈ Z,
n = 2, p ≡ 1(mod 4) ( cf. (14.10)). (16.44)
= Γp(α)Γ˜p(α)|(ξ, ξ)|−αp , α 6= {αk, αk − πi/ln p, k ∈ Z},
n = 2, p ≡ 3(mod 4)( cf. (14.11)). (16.45)
G
∫
Bnγ
|x|α−np χp(x1)dnpx = Γ(n)p (α), α 6= αk, k ∈ Z, γ ∈ Z+. (16.46)
G
∫
|x|α−np χp(x1)dnpx = Γ(n)p (α), α 6= αk, k ∈ Z. (16.47)
G
∫
|x|α−np χp
(
(ξ, x)
)
dnpx = Γ
(n)
p (α)|ξ|−αp ,
α 6= αk, k ∈ Z, ξ 6= 0 ( cf. (15.18)). (16.48)
|x|α−np ∗ |x|β−np = B(n)p (α, β)|x|α+β−np ,
(α, β) 6= (αk, αj), (k, j) ∈ Z2. (16.49)
G
∫
|x,m|α−np χp
(
(ξ, x)
)
dnpx = Γ
(n)
p (α)
(|ξ|−αp − |pm|αp )
×Ω(|mξ|p), m 6= 0, α ∈ C ( cf. (15.19)). (16.50)
G
∫
|x, 1|−αp χp
(
(ξ, x)
)
dnpx
= Γ(n)p (n− α)
(|ξ|α−np − pα−n)Ω(|ξ|p), α ∈ C. (16.51)
|x,m|α−np ∗ |x,m|β−np = B(n)p (α, β)|x,m|α+β−np
= −Γ(n)p (α)|pm|αp |x,m|β−np − Γ(n)p (β)|pm|βp |x,m|α−np ,
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(α, β) 6= (αk, αj), (k, j) ∈ Z2,m 6= 0 ( cf. (15.25)). (16.52)
(Dαϕ)(x) = (f−α ∗ ϕ)(x), ϕ ∈ S
= Γ−1p (−α)
∫
ϕ(y)− ϕ(x)
|x− y|α+1p
dpy, Reα > 0. (16.53)
= (1− p−α−1)−1
∫
[ϕ(x+ y)− ϕ(x+ y/p)]|y|−α−1p dpy,
α 6= αk − 1, k ∈ Z. (16.54)
= −p− 1
p ln p
∫
ϕ(y) ln |x− y|pdpy,
∫
f(y)dpy = 0
α = αk − 1, k ∈ Z. (16.55)
= ϕ(x), α = αk, k ∈ Z. (16.56)
=
∫
|ξ|αp ϕ˜(ξ)χp(−ξx)dpξ, Reα > −1. (16.57)
=
∫
|ξ|αp [ϕ˜(ξ)χp(−ξx)− ϕ˜(0)]dpξ, Reα < −1. (16.58)
=
∫
Zp
|ξ|−1p [ϕ˜(ξ)χp(−ξx)− ϕ˜(0)]dpξ + 1/pϕ˜(0)
+
∫
Qp\Zp
|ξ|−1p ϕ˜(ξ)χp(−ξx)dpξ, α = αk − 1, k ∈ Z. (16.59)
Dαχp(ax) = |a|αpχp(ax), α ∈ C, a 6= 0. (16.60)
DαΦ(x) = pγαΦ(x), α ∈ R [1a)]. (16.61)
Φ(x) = F [δ(|ξ|p − pγ)f(ξ)], f ∈ S′.
Dα[δ(|x|p − pγ)χp(ax2)]
= pγα|2a|αp δ(|x|p − pγ)χp(ax2), α ∈ R, |2a|p 6 p2−2γ [1a)]. (16.62)
Dα[η(x0)δ(|x|p − pγ)] = pα(1−γ)η(x0)δ(|x|p − pγ),
α ∈ R, p 6= 2,
p−1∑
k=1
η(k) = 0 [2b)]. (16.63)
(Dαf)(x), f ∈ S′, spt f ∈ BN , |x|p > pN
= Γ−1p (α)|x|α−1p (f,ΩN ), α 6= −1 [2a)]. (16.64)
= −p− 1
p ln p
ln |x|p(f,ΩN ), α = −1 [2a)]. (16.65)
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Dα1 = 0, α > 0. (16.66)
Dαδ(x− a) = f−α(x− a), α ∈ C, a ∈ Qp. (16.67)
Dα[δ(|x|p − pℓ−N )δ(x0 − j)χp(ǫℓpℓ−2Nx2)]
= pαNδ(|x|p − pℓ−N )δ(x0 − j)χp(ǫℓpℓ−2Nx2),
N ∈ Z, p 6= 2, α > 0, ℓ = 2, 3, . . . , j = 1, 2, . . . , p− 1,
ǫℓ = ε0 + ε1p+ . . .+ εℓ−2,
εs = 0, 1, . . . , p− 1, ε0 6= 0, s = 0, 1, . . . , ℓ− 2 [2c)]. (16.68)
Dα[Ω(pN−1|x|p)χp(jp−Nx)] = pαNΩ(pN−1|x|p)χp(jp−Nx),
N ∈ Z, p 6= 2, α > 0, j = 1, 2, . . . , p− 1 [2b)]. (16.69)
Dα[δ(|x|2 − 2ℓ+1−N )χ2(ǫℓ2ℓ−2Nx2 + 2ℓ−N−jx)]
= 2αNδ(|x|2 − 2ℓ+1−N )χ2(ǫℓ2ℓ−2Nx2 + 2ℓ−N−jx),
N ∈ Z, p = 2, α > 0, ℓ = 2, 3, . . . , j = 0, 1, ǫℓ = 1 + ε12 + . . .+ εℓ−22ℓ−2,
εs = 0, 1, s = 1, 2, . . . , ℓ− 2 [2b)]. (16.70)
Dα[Ω(2N |x− j2N−2|2)− δ(|x− j2N−2|2 − 21−N )]
= 2αN [Ω(2N |x− j2N−2|2)− δ(|x− j2N−2|2 − 21−N )],
N ∈ Z, p = 2, α > 0, j = 0, 1 [2b)]. (16.71)
DαΩ(p−γ |x|p) = p− 1
pα+1 − 1p
α(1−γ), x ∈ Bγ , α > 0 [2c)]. (16.72)
Dαδ(|x|p − pγ) = p
α + p− 2
pα+1 − 1 p
α(1−γ), x ∈ Sγ , α > 0 [2c)]. (16.73)
Let K(t, τ) be a real symmetric kernel
K(t, t) = 0, K(t, τ) = ρ(1− 1/p)−1t−α−1, τ < t,
σ =
pα + p− 2
pα+1 − 1 p
α, ρ = −Γ−1p (−α)(1 − 1/p), σ + ρ = pα
and a function f ∈ L1loc such that∫
|x|p>1
|f(x)||x|−α−1p dpx <∞.
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Then
(Dαf)(x) = −
∫
K(|x|p, |y|p)f(y)dpy + σ|x|−αp f(x), α > 0 [2c)].
(16.74)
In the following formulas §16 all integrals
G
∫
f(z, z¯)dpz
are understood on the normalized measure dpz = δ
−1dpxdpy, z = x +√
dy, z¯ = x −√dy of the field Qp(
√
d), d /∈ Q×2p (see (9.2)). In particular,
B2γ = [z ∈ Qp(
√
d) : |zz¯|p 6 qγ ]; αk = 2kπiln q , k ∈ Z (see (9.6)).
G
∫
B2
0
dpz = 1. (16.75)
G
∫
B2
0
|zz¯|α−1p dpz =
1− q−1
1− q−α , α 6= αk, k ∈ Z. (16.76)
G
∫
|zz¯|α−1p dpz = 0, α 6= αk, k ∈ Z. (16.77)
G
∫
|zz¯|α−1p χp(z + z¯)dpz =
Γp,d(α)
δ
√|4d|p , α 6= αk, k ∈ Z. (16.78)
G
∫
B2
1
|zz¯|α−1p χp(z + z¯)dpz =
Γp,d(α)
δ
√|4d|p , α 6= αk, k ∈ Z. (16.79)
|zz¯|α−1p ∗ |zz¯|β−1p = Bq(α, β)|zz¯|α+β−1p ,
(α, β) 6= (αk, αj), (k, j) ∈ Z2. (16.80)
G
∫
|zz¯|α−1p |(1− z)(1− z¯)|β−1p dpz = Bq(α, β),
(α, β) 6= (αk, αj), (k, j) ∈ Z2. (16.81)
G
∫
χp(ξzz¯)dpz =
sgnp,d ξ
|ξ|p +
1 + p
2p
δ(ξ),
p 6= 2, |d|p = 1, d /∈ Q×2p [4]. (16.82)
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G
∫
χp(ξzz¯)dpz = ±
√
psgnp,d(−1)
sgnp,dξ
|ξ|p + δ(ξ),
p 6= 2, |d|p = 1/p [4]. (16.83)
§17. Table of the Fourier transforms
For one-to-one correspondence between preimage f ∈ S′ and its image
f˜ ∈ S′ – the Fourier transform of f – we shall use the notation (see §7)
f(x) ⇐⇒ f˜(ξ).
ωγ(x) ⇐⇒ δγ(ξ). (17.1)
δ(x) ⇐⇒ 1(ξ). (17.2)
f(Ax+ b) ⇐⇒ |detA|−1p χp
(−(A−1b, ξ))f˜(A¯′ξ),
detA 6= 0, b ∈ Qnp . (17.3)
f(x− b) ⇐⇒ χp((b, ξ))f˜ (ξ), b ∈ Qnp . (17.4)
f˘(x) ⇐⇒ ˘˜f(ξ). (17.5)
f(x) ⇐⇒
∫
f(x)χp((ξ, x))d
n
px, f ∈ L1. (17.6)
f(x) ⇐⇒ lim
k→∞
∫
Bn
k
f(x)χp((ξ, x))d
n
px in S
′, f ∈ L1loc. (17.7)
f(x) ⇐⇒ lim
k→∞
∫
Bn
k
f(x)χp((ξ, x))d
n
px in L
2, f ∈ L2. (17.8)
f(x) ⇐⇒ (f(x),ΩN (x)χp((ξ, x))), spt f ∈ BN . (17.9)
f ∗ g ⇐⇒ f˜ · g˜. (17.10)
f · g ⇐⇒ f˜ ∗ g˜. (17.11)
δ(|x|p − pγ) ⇐⇒ (1− 1/p)pγΩ(pγ |ξ|p)− pγ−1δ(|ξ|p − p1−γ). (17.12)
f(|x|p)Ωγ(|x|p) ⇐⇒ (1− 1/p)
γ∑
k=−∞
pkf(pk)Ω(pγ |ξ|p)
77
+|ξ|−1p
[
(1− 1/p)
∞∑
k=0
p−γf(p−γ |ξ|−1p )− f(p|ξ|−1p )
]
[1− Ω(pγ |ξ|p)]. (17.13)
f(|x|p) ⇐⇒ |ξ|−1p
[
(1− 1/p)
∞∑
k=0
p−γf(p−γ |ξ|−1p )− f(p|ξ|−1p )
]
. (17.14)
|x|α−1p ⇐⇒ Γp(α)|ξ|−αp , α 6= αk, k ∈ Z. (17.15)
ln |x|p ⇐⇒ −(1− 1/p)−1 ln p
(
reg |ξ|−1p + 1/pδ(ξ)
)
. (17.16)
1
|x|2p +m2
⇐⇒ (1− 1/p) |ξ|p
p2 +m2|ξ|2p
×
∞∑
γ=0
p−γ
p2 − p−2γ
p−2γ +m2|ξ|2p
, m 6= 0. (17.17)
|x|α−1p |1− x|β−1p ⇐⇒
[
Γp(α+ β − 1)|ξ|1−α−βp +Bp(α, β)
]
Ω(|ξ|p)
+
[
Γp(α)|ξ|−αp + Γp(β)|ξ|−βp χp(ξ)
]
[1− Ω(|ξ|p)],
(α, β) 6= (αk, αj), (k, j) ∈ Z2. (17.18)
δ(|x|p − 1)|1− x|α−1p ⇐⇒ Γp(α)χp(ξ)|ξ|−αp ,
γ(ξ) > 2, α 6= αk, k ∈ Z. (17.19)
ηx0δ(|x|p − pγ) ⇐⇒ pγ−1η′ξ0δ(|ξ|p − p1−γ), p 6= 2 (17.20)
where
p−1∑
k=1
ηk = 0, η
′
j =
p−1∑
k=1
ηk exp
(
2πi
kj
p
)
.
|x|α−1p Ω(p−γ |x|p) ⇐⇒
1− p−1
1− p−α p
αγΩ(pγ |ξ|p)
+Γp(α)|ξ|−αp
[
1− Ω(pγ |ξ|p)
]
, α 6= αk, k ∈ Z. (17.21)
δ(|x|p − 1)δ(x0 − p+ 1) ⇐⇒ p−1χp(−ξ)Ω(|pξ|p). (17.22)
χp(x)Ω(|px|p) ⇐⇒ pδ(|ξ|p − 1)δ(ξ0 − p+ 1). (17.23)
|x,m|α−1p ⇐⇒ Γp(α)
(|ξ|−αp − |pm|αp )Ω(|mξ|p), m 6= 0, α ∈ C. (17.24)
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f((x, x)) ⇐⇒ |(ξ, ξ)|−1p
[
(1− p−2)
∞∑
γ=0
p−2γf(p−2γ |(ξ, ξ)|−1p )
−f(p2|(ξ, ξ)|−1p )
]
, n = 2, p ≡ 3(mod 4). (17.25)
f((x, x)) ⇐⇒ |(ξ, ξ)|−1p
[
(1− 1/p)2
∞∑
γ=0
(
γ +
p− 3
p− 1
)
p−γf(p−γ |(ξ, ξ)|−1p )
−2(1−1/p)f(p|(ξ, ξ)|−1p )+f(p2|(ξ, ξ)|−1p )
]
, n = 2, p ≡ 1(mod 4). (17.26)
|(x, x)|α−1p ⇐⇒ Γ2p(α)|(ξ, ξ)|−αp ,
n = 2, α 6= αk, k ∈ Z, p ≡ 1(mod 4). (17.27)
|(x, x)|α−1p ⇐⇒ Γp(α)Γ˜p(α)|(ξ, ξ)|−αp ,
α 6= {αk, αk − πi/ln p, k ∈ Z}, n = 2, p ≡ 3(mod 4). (17.28)
1
|(x, x)|p +m2 ⇐⇒
1− p−2
p2 +m2|(ξ, ξ)|p
∞∑
γ=0
p2 − p−2γ
1 + pγm2|(ξ, ξ)|p ,
n = 2,m 6= 0, p ≡ 3(mod 4). (17.29)
1
|(x, x)|p +m2 ⇐⇒ (1− 1/p)
2
∞∑
γ=0
(
γ +
p− 3
p− 1
) 1
1 + pγm2|(ξ, ξ)|p
−2 1− 1/p
p+m2|(ξ, ξ)|p +
1
p2 +m2|(ξ, ξ)|p ,
n = 2,m 6= 0, p ≡ 1(mod 4). (17.30)
|(x, x)|α−n/2p ⇐⇒ Γp(α− n/2 + 1)Γp(α)|(ξ, ξ)|−αp ,
α 6= {αk, ak + n/2− 1, k ∈ Z}, n ≡ 0(mod 4), p 6= 2
or n ≡ 2(mod 4), p ≡ 1(mod 4). (17.31)
|(x, x)|α−n/2p ⇐⇒ (−1)γ((ξ,ξ))Γp(α− n/2 + 1)Γ˜p(α)|(ξ, ξ)|−αp ,
α 6= {αk − πi/ln p, αk + n/2− 1, k ∈ Z},
n ≡ 2(mod 4), n > 6, p ≡ 3(mod 4). (17.32)
|x|α−np ⇐⇒ Γ(n)p (α)|ξ|−αp , α 6= αk, k ∈ Z. (17.33)
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|x,m|α−np ⇐⇒ Γ(n)p (α)
(|ξ|−αp − |pm|αp )Ω(|mξ|p), m 6= 0, α ∈ C. (17.34)√
|2a|pχp(ax2)δ(|x|p − pγ) ⇐⇒ λp(a)χp(−ξ2/4a)
×δ(|ξ|p − |2a|ppγ), |4a|p > p2−2γ. (17.35)√
|2a|pχp(ax2)δ(|x|p − pγ) ⇐⇒
[
λp(a)χp(−ξ2/4a)− 1/√p
]
×Ω(p1−γ |ξ|p), p 6= 2, |a|p = p1−2γ . (17.36)
χp(ax
2)Ω(p−γ |x|p) ⇐⇒ pγΩ(pγ |ξ|p), |a|pp2γ 6 1. (17.37)√
|2a|pχp(ax2)Ω(p−γ |x|p) ⇐⇒ λp(a)χp
(−ξ2/4a)
×Ω(p−γ |2a|−1p |ξ|p), |4a|pp2γ > p. (17.38)√
|2a|2χ2(ax2)Ω(2−γ |x|2) ⇐⇒ λ2(a)χ2
(−ξ2/4a)
×δ(|ξ|2 − 21−γ), p = 2, |a|222γ = 2. (17.39)√
|2a|2χ2(ax2)Ω(2−γ |x|2) ⇐⇒ λ2(a)χ2
(−ξ2/4a)Ω(2γ |ξ|2),
p = 2, |a|222γ = 4. (17.40)
χp(ax
2) ⇐⇒ λp(a)|2a|−1/2p χp
(−ξ2/4a), a 6= 0. (17.41)
χp(x
2/2) ⇐⇒ χp(−ξ2/2), p 6= 2. (17.42)
χ2(x
2/2) ⇐⇒ exp(iπ/4)χ2(−ξ2/2), p = 2. (17.43)√
|a|p exp(−|x|2p)χp(ax2) ⇐⇒ S(|a|−1p , 1/p)χp
(−ξ2/4a)Ω(|a|−1/2p |ξ|p)
+
{
λp(a) exp(−|ξ/a|2p)χp
(−ξ2/4a)+ |a|1/2p |ξ|−1p [S(|ξ|−2p , 1/p)
− exp(−|pξ|−2p )
]}
[1− Ω(|a|−1/2p |ξ|p)], p 6= 2, γ(a) = 2k. (17.44)√
|a|p exp(−|x|2p)χp(ax2) ⇐⇒
{
1/
√
pS(p−1|a|−1p , 1/p) + [λp(a)− 1/
√
p]
× exp(−|pa|−1p )
}
χp
(−ξ2/4a)Ω(√p|a|−1/2p |ξ|p)
+
{
λp(a) exp(−|ξ/a|2p)χp
(−ξ2/4a)+ |a|1/2p |ξ|−1p [S(|ξ|−2p , 1/p)
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− exp(−|pξ|−2p )
]}
[1− Ω(√p|a|−1/2p |ξ|p)], p 6= 2, γ(a) = 2k + 1. (17.45)√
|a|2 exp(−|x|22)χ2(ax2) ⇐⇒
{
[
√
2λ2(a)− 1] exp(−|4a|−12 )
+S(|a|−12 , 1/2)
}
χ2
(−ξ2/4a)Ω(|4a|−1/22 |ξ|2) + {exp(−|4a|−1p )
+[
√
2λ2(a)− 1]S(|a|−12 , 1/2)
}
δ(|ξ|2 − |a|1/22 )χ2
(−ξ2/4a)
+
{√
2λ2(a) exp(−|2a|−22 |ξ|22)χ2
(−ξ2/4a)+ |a|1/22 |ξ|−12 [S(|ξ|−22 , 1/2)
−2 exp(−|2ξ|−22 )
]}
[1− Ω(|a|−1/22 |ξ|2)], p = 2, γ(a) = 2k. (17.46)√
|a|2 exp(−|x|22)χ2(ax2) ⇐⇒ 1/
√
2[S(|a/2|−12 , 1/2)− exp(−|2a|−12 )
+2λ2(a) exp(−|8a|−12 )]χ2
(−ξ2/4a)Ω(|8a|−1/22 |ξ|2)
+
√
2
[
S(|2a|−12 , 1/2) + λ2(a) exp(−|8a|−12 )
]
χ2
(−ξ2/4a)δ(|ξ|2 − |2a|1/22 )
+
√
2λ2(a)S(|2a|−12 , 1/2)χ2
(−ξ2/4a)δ(|ξ|2 −√2|a|2
+
{
|a|1/22 |ξ|−12 [S(|ξ|−22 , 1/2)− 2 exp(−|2ξ|−22 )]
+
√
2λ2(a) exp(−|2a|−22 |ξ|22)χ2
(− ξ2
4a
)
}
×[1− Ω(2−1/2|a|−1/22 |ξ|2)], p = 2, γ(a) = 2k + 1. (17.47)
|x|α−1p θ(x) ⇐⇒ Γp(πα,θ)|ξ|−αp θ−1(ξ), θ 6≡ 1, α ∈ C. (17.48)
θ(pkx)δ(|x|p − pk) ⇐⇒ pkap,k(θ)θ−1(ξ)δ(|ξ|p − 1), k = ρ(θ) (17.49)
where quantity ap,k is defined in (8.17).
|zz¯|α−1p ⇐⇒ Γp,d(α)|ζζ¯ |−αp ,
α 6= αk, k ∈ Z, d 6∈ Q×2p , ( see (9.7)). (17.50)
|x|α−1p sgnp,dx ⇐⇒ Γ˜p(α)|ξ|−αp sgnp,dξ,
α 6= αk − πi/ln p, k ∈ Z, p 6= 2, |d|p = 1, d 6∈ Q×2p ( see (8.8)). (17.51)
|x|α−1p sgnp,dx ⇐⇒ ±pα−1/2
√
sgnp,d(−1)|ξ|−αp sgnp,dξ,
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p 6= 2, |d|p = 1/p ( see (8.24)). (17.52)
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